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Chapter 1

Linear Space

A linear space (also called vector space), denoted by L or V, is a collection

of objects called vectors, which may be added together and multiplied by
numbers, called scalars which are taken from a field 7. Before defining

Jinear space, we first define an arbitrary field

. Field1.1Definition
.Let F be a non-empty set and + and . be two binary operations on F|

The ordered triple (F, +, .) is called field if and only if

F +) is a commutative group )(1)

F—{e},.) isa commutative group, where eis the identity with respect )(2)

.(4) to

(is distributed over (+) (from left and right (.)(3)

.1.2Example
Let (+) and (.) are ordinary addition and multiplications. Then

Each of (R, +,.),(C, +,.), and (Q, +, .) are examples of fields

) does not hold) and (Z, +, .) is 1(1.1Z, —,.) is not field ( Definition )

() does not hold2(1.1not field ( Definition

k “‘\‘\“““““\



. Linear Space1.3Definition
Let (F.+,.) be a field whose elements are called scalars, Let L is a non

empty set whose elements are called veetors. Then L is a linear space (or

a vector space) over the field F, if

addition: There is a binary operation + on L called addition (not ()

.usual addition) such that (L, +) is a commutative group

Va € F. x € L,Vscalar multiplication: o.x € L(Y)
YThe scalar multiplication and addition satisfy3(

Vo€ Fx,yeELY a(x+y) =oax+ ay()
Va,fe Fxe LYQ) a+ f).x= a.x+ px
| Va,B € F (iv)Vx € L,(iii)( a.f).x= a.(f.x)

is the unity F1 x€ Land V.x= x

1.4Remark

If L is a linear space over F, we say that L(F) is a linear space. We also

.can say L is a linear space
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.1.5Example
-The set of real numbers R, with ordinary addition and ordinary multi

,plication, is a linear space over (F£+,.)= (R, +,.). Indeed
R,+) 1s an abelian group) (1)
XER,a€RVaxeR(Y)
(All other conditions are satisfied (Check (V)

.This linear space (R, +,.) is called real linear space

.1.6Example
The set of complex numbers C, with ordinaryaddition and ordinary

,multiplication, is a linear space over (F,+,.) = (G +, .). Indeed
C,+) is an abelian group) (1)
x€Cae (NVa.xe C(V)
('All other conditions are satisfied (Check (T)

This linear space (C, +, .) is called complex linear space

.1.7Example

3, . Xal, - Xn) : XiLet (R, +, .) be the field of real numbers, Let R” = {(x

, o ¥n) Of R? 1, ..., xp) and Y = (¥R}, For any two elements X = (x

define ordinary addition
(o Xnt Y1t X+ Y = (x

Also, define scalar multiplication in R” over R by

Va€R, VXeR,...,ax)10.X = (ax

ST LS AP HL SIS STIZ
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.Show that R” is a linear space over R

Solution: Let us check linear space conditions

We show that (R”, +) 1S a commutative group (1)

s ooes Xnl+ Y1, .y Yo € R™), Since xy, ..., Xa), ¥ = (y1a)Let X = (x)
+ yn€ R, then X + Y€ R” Hence, R”1s closed with respect

.to ordinary addition

yeerZn) € R™, e ¥), Z = (21, 0s Xn), Y = (NX = (xb)For all)

(G oo Zats e Vo) + (215 e X)) + (WX + (Y + 2) = (x

(, ...,}/n + an+ Z] 9000y Xn) + (y]X) =
Oy Xnt+ Vot Zm+ 21+ (1 X

yos (Xnt Yn) + Zn1) + 21+ 1 X)

e Zn) = (X+ Y+ 21,0y Xt Vo) + (214 Y1X) =
,en Yn) ERM, ., x0), Y = (X = (xc)For all)

yees Yt Xn) = 14 X1y ey Xnt Yn) = (V14 V1, s Ya) = (K1y oo Xo)+ (N X+ Y = (x
Y

) € R”such that 0, ..., 0, ..., xa) € R” we have ;X = (xFor all (d)
) is the 0,...,0, ..., Xa). Thus, (1) = (x0,...0, ..., xa) + (1(x
.additive identity

, » —Xn) ER?such 1, ..., Xs) ER?then —X= (—x1 X = (If (¢)

that

.). Thus, —X is the additive inverse of X0,...,0X + (—X) = (




.From (a)-(e) we get (R",+) 1s a commutative group

, - @Xy € R, theny, ..., x;) € R” and @ € R, Since ax;Let X = (x (V)

e @Xp) ERMa. X = (a.x

Hence, R” is closed with respect to scalar multiplication
The scalar multiplication and addition satisfy (V)

,.Yn) € R"and a € R, theny, ..., x5),(nX = (xIf ()
(osXnt ymt (X + Y) = a.(x
(O s @(Xn+ ym+ Y1 @(X) =
(oo @.Xn+ QY1+ @y @.X) =
(yees @Y1y ooy @.X0) + (@.Y10.X) =

yeutn)= @ X+ a Yy, ., x0)+ a(Nna(x=
,»Xn) ER"and a, € R, them X = (xIf (i)
yen(@t P)xma+ f.X= (a+ f).x)
yery XX+ PXpi+ f.X) a.x =
(s oves B Xn1s s @.X0) + (f.X10.X) =
yenXn)= @ X+ B Y], ., x0) + f(xa(x=
,+»Xn) ER" and o, B € R, then | X = (xIf (i)
sorsl D) Xp) (BD).X = (G.0)X

s ogkg) = B(BX) 15 sufXny= @ fLE1E(fX=

is the unity of R, thenl , ..., xa) € R” and 1 X = (x(iv)If

,...,Xn) = X].Xn) = (Xl,...,l.XlX:' (1
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.Hence R” is a linear (vector)space over R

.L.8Example
, - Xg) ¢ 1Let (G, +, .) be the field of complex numbers. Let C"= {(x

s eesly s Xn) and Y = (11, ..., Xo € C}. For any two elements X = (xx

¥a) of C7, define

Lo Xn+t Yot X+ Y= (x
Define scalar multiplication in C” over C by

VaeC VXeC("..,axheX=(ax

Show that C"is a vector space over C. (Verify that)

.1.9Example

, ¥):x, y>0), (OLet (R, +, .) be the field of real numbers. Let M = {(x,
, ¥) of M, define 0) and Y = (0}. For any two elements X = (x, 0
(ordinary addition X + Y= (x,y

) and0Also, define scalar multiplication in M over R by a.X = (a.x,
2ay) YeeR,VX,Y € M.Is M a linear space over R0a.Y = (

.Solution: Let us check if (M, +) is a commutative group
YE/M . Thus, Mis 1,1)= (1,0)+ (0, 1) € M but (1, 0), (0, 1Since (

)= 0, 1.(Inot closed under addition, then (M, +) 1s not group. Also, —

) &M. Thus, M is not closed under scalar multiplication0, 1(—

.1.10Example
Let C%R) = {f: f:R > R ; f is bounded and continuous} set of all

bounded and continuous functions defined on R. For any £, g€ C%R) and

for any @ € R, define

A N N O O O WO R WO
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af)(x) = a.f(x) Vx € R,Va € R)andf + g)(x) = f(x)+ g(x) Vx €R)
Show that C®(R) is a linear space over R.

.Now, let us check linear space conditions

We show (CAR),+) is a commutative group ())
Let £, g € C¥(R)) such that £, gare continuous and bounded (a)
func- tions. We want to prove £ + g€ C’R). (i.e., f + £1s
(continuous and bounded

Since £, g are continuous, the sum (£ + g) is a continuous func-

(Dtion
€ R. such thaty , M)Also, since £, g are bounded functions, 3M
. Hence, for all x € Roand |g(x)| £ M) f(x)| < M|
2t My £+ g0 = | f(x) + g0 < [f(0)]+ |2x)] < M)
. Thus, £+ gis bounded functiony+ M) £+ g)(x)| £ M)| (an
.(By (D and (1), f + g€ CYR
f,g h € CAR) and for all x € Rb)For all)
[(f + (g+ WI(x) = £(x) + [(g+ A)(x]
(F(x)+ gx)]+ h(x]=
(F+ 80+ h(x) = [(£+ g+ Al(x) =
(f,g € CYRFor all(c)
(f+ 8= £(x)+ &x) = g0 + £(x) = (g+ £)(x)
0(x)= 0by 0: R = 0 f € CAR), define For all (d)

3 (Is continuous and bounded function. Thus, 0It is clear that

C®(R) and

SAAS SIS
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(= F(0W= F(X)+ 0= F(x)+ Of+ )

N
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o+ £(x) = £(x) ThusO () + £(x) = O+ £)(x) = 0Similarly, (
+F=f0=0f+
s called the additive identity 0°

3 ¢)Forany f € COR), define —f: R = R by (—=H(x) = =[Ax)] Vx)
.R
.Since £ is continuous, then —£ is continuous
Moreover, Vx € R, |-fix)| = | f(x)| < M. Then, —f is bounded
Thus, —f € C*R) and
f+(=Hl(0) = F()+(=H(x) = F(0)+(=f(x)) = £(x)=£(x) ]

0 0=

= (Similarly, [(=f) + f](x) = (=H(x) + f(x) = (=f(x)) + f(x
0= 0 F(x)+ F(x)= —

From (a)-(¢) we get (C°(R),+) is a commutative group
Let f € C*(R) and @ € R. We want to prove af € C?(R). (i.e., af is (Y)
(continuous and bounded
Since £ is continuous, then af is a continuous function
Also, since £ is bounded functions, 3M € R. such that |f(x)| < M

. Hence, for all x €R

af)(x)| = |e.f(x)| = |a||f(x)| < [a| M)|
Therefore, af € CP(R) (C%(R) is Thus, af is bounded function.

.(closed with respect to scalar multiplication

The scalar multiplication and addition satisfy (V)

S S
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f,g€ CAR) and a € R, theni)If)
[((a(f+ 9)x) = a.(f+ gx) = a[(f(x)+ &(x)
(a.f(x)+ a.g(x=

af)(x)+ (ag)(x) = (af +) =
feCHR)and a,f€ R, then  ag)(x) (DIf
(a+ Pf1x) = (a+ f).f(x)]
(a.f(x)+ B.f(x=
af)(x)+ (BF)(x) = (af + ff) =

f € CAR) and a, B € R, then )(x) (ii)If

(2. HAI(X) = (a.f).f(x) = a.(B.L(x)) = a[(BX)] = [a(fH](x)]

.(Hence, (a.p)f = a(pf
is the unity of R, then 1 £ € C®(R) and iv)If)
L= £(x1H)x)= K

.Hence, C®(R) is a linear (vector)space over R

.1.11Exercise

Let (a, B= {f:f:[a B~ R fisbounded and continuous} set (1)
of all bounded continuous functions defined on [a, &]. Show that CY[a,
B is a linear space over R where £ + gand af are defined in the

.1.10same way as in Example
and F= (R, +,.). Define the following two operations:2 Let L = R (V)
2 € Ry M), (n, x1) V(xo+ o, x4+ 1) = (x0, ) + (0, x1) (x1(

Ya€R2) € Ry, x\V(x)7, x1) = (a.x2, x.(x (2)

N N O O O O O WO R WO N
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7Show that L is not a linear space over R

N

Let L be the set of all real valued sequences {x,). Define usual addition(Y)

and multiplication of a sequence as follows: for any {xa), (ya) € L
and each # € R
and a.(xs) = (@.xn). Show that (xa) is @ Xa) + (Va) = (X0 + Va))

Jinear space over R

. (3,x2,x1Let N = {(xLet ( R,+,.) be the field of real numbers.(£)

:}. Define the following two operations(> ;3 , xy, x;x

= ), Bxux\VX = ()t puxr nuxr X+ Y= (x (1)

) € N3, y2, 1Y)
Ya€eR, VXEN), a.x7, ax10.X = (a.x(2)

21s N linear space over R

. Properties of Linear Spacel.12Theorem

1 18 a zero vector of L. ThenOLet L(F) be a linear space and
L Ya€EF 0p= 0a. (1)
LVXELO.x=0)2(
Va€F, a(—x)= a.x) VXEL, (3)
Ya€ A —a).x= —(a.x) Vx€ L4

Ye€F, a(x-y)= a.x—a.y Vx,y€ L, (5)

““““““““\

200r x = O then a= 0 a.x = )If6(
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Linear Subspace1.2

N

.1.13Definition
Let L be a linear space over a field Fand let ¢ /= H € L, Then H is called

.a linear subspace of L if A itself is a linear space over F|
.1.14Theorem

Let H be a non empty subset of a linear space L(F). H is called a subspace

.of Lif and only if ax+ By € H forall x,y € H and forall ¢, f € F
.1.15Exercise

3be a linear space over R, Which of the following subsets of R3 RLet())

Sare subspaces of R

{€Ry,x2: x3) € Ry, xp,x2= {(11) H)

= 3+ X2+ X1: %3) € Ry, x3, x1= {(x21i) H)
= 2x2+ 1: x3) € R, x0,x1= {(x3} (iii) HO
{1

] be a linear space over R. Which of the following subsets 1, I([—Let (T)
J[1, 1] are subspaces of C[-1, lof C[-

{0)=0]:f(1,1= {f € (Q~1) H)
{[LLYx€[0]: f(x) < 1,1= {f € ([~ ii) H)

{()=£(1]: £(,1= {f € ([ iii) H)

then ) € Hy, y1, Y2), (3, X2, x2(1)): Take (1Solution (

A N N O O O WO R WO

1) €M+ y3, X0+ Yo, x4) = (0, )1, Y2) + (3, XX Q)

is1, HI1.13Then, the closure condition is not satisfied. From Definition

I I I I A P
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and @, € Ry ) € H, y1, ¥2), (3, x2, x2(1)): Let (1Another Solution (

then
1) E/[{3+}’3, X2+}’2(a+ﬁ), X2) = (3+}’3, X2+_,V2ﬂ, X20+2) = (Z’yl, yz)"'ﬂ(:i: X2, Xza(

Jif and only if @+ = 2 (a+ ) = 2because
Sis not a subspace of Ry , H1.14Thus, from Theorem
.and a, f € Rg (iii)): Let £, g € H2Solution (

] = of and fg are continuous onl,1=> £, gare continuous on [—¢ f, g€ H

[1,1Thus, af + fg is continuous on [— .[1 1-] I
(1) + (Bg)(-1) = (af)(-laf + fg)()

(1)+ Bg(-la.f(—=

(1) = (af + o)1) + Bgllo.f(= (1D
J[1, lis a subspace of C[—s . Thus, HsFrom (I) and (I), of + fg€ H

Linear Transformation Mapping  ."

.1.16 Definition
Let L(F) and L'(F) be two linear spaces over the same field F. A mapping

T:L - L iscalled a Linear Operator or Linear Transformation if
No,p e Fx,y€ L,T(ax+ By)= aT(x)+ BT(y)

.1.17Example

€ Ry, x2,x1) VX3, X)) = (X3, X, x;defined by 7(x2 » R3Let T:R

.T 1s a linear transformationShow that(})

). Computel,5,—0) = G,y 1), Y = (3, -1,2) = (3, %9, ;1 X = (xIf(2)
(X)and T(X + Y2T(



and o, ) € R3:ﬂs1’ Y = () €ER3, 1o, |)= Let X = (xlSoltion(
R. Then
(G, )+ B, x2, x1 T(aX + pY) = Tla(x

(3+ By, axy+ Byr,ax1+ By T(ex =

(2+ Byr, axi+ By ax) =

(2. Bn) + (Byr, axyax) =

()0 + B xia(x =

()= aT(X)+ BT(Y3, yo, 1) + PT(y3, x2, x1aT(x =
(2,4 = (6,22,4X) = T(2): T(2Solution (

4= Q. ~42TX+ V)= T(

.1.18 Exercise

is a linear space over F= R with usual addition and multipli-2 Let R (1)

isa 2 R2cation. Show that each of the following mappings 7: R

linear transformation

i X1 x2) = 2, xi(xi) T)
(2, x0) = (2, x1(x2i1) 7)
) where a € Ry, ax;) = (axy, x;(x3ii1) T)

Let CY%R) be the set of all bounded continuous functions defined (¥)

on R such that C®(R) is a linear space over R with usual addition
and multiplication. Let T': C’(R) = C?R) such that T(f (x)) =

f(x). Show that T is a linear transformation mapping?x




' .1.19Threm

Let T: L(F) » L'(F) be a linear transformation. Then

L' is the zero O is the zero vector of L and 0z where 02) = 07( (@)

"vector of L

(T(=x) = =T(x (i)

(T(x —y)y= T(x) = T(y (ii1)

.1.20Theorem

: L - L'linear 5, TiLet L, L' be linear spaces over same field F. Let T
)(x)= 2+ Ti:L - Las(D+ Ttransformations. Define the function T
(x) VxeLy(x)+ T T

= (O(x;: L » L is defined as (a7) If @« € F, then the function aT

(x) Vx€L. Thenja.T
is a linear transformation. 2+ 7} 7Show that(i)

.18 a linear transformation; aZ(ii)Show that

Proof. (i) Let @, f € Fand x,y € L. Then

(ax+ (ax+ py)+ T))(ax+ Py)=T+ T} T) (+ Definition of)
(By
(x) + 20 + an(x) + phaT = 2, Tisince T)
((npT

(.linear trans
() + Ti(x) + AT(x) + TYa(T=

Ot 0+ AT+ Ty o T=

.18 a linear transformationy + 7j Thus, T




€ Fand x,y € L. Theny, Aii) Let p

nx+ fi(By) = aTux+ B)(Pral)  -Definition of scalar multiplica)

(tion
(n.T(x+ p.The p= (linear trans) since 7)

n-L(0+ ap.Tiap=
On(a)(x) + fr.(alyf=

.is a linear transformation; Thus, aT 0

.1.21Definition
Let L be a linear space. A linear transformation 7 : L = F is said to be

Linear functional, (Note that F can be regarded as a linear space over
(F

.1.22Example
= Let L F",..,x, € F} be a linear space overy,..,Xs) : xX)} =
.the field F + ...+ 1x1,..,X0) = aqlet T : F" - F defined by T(x
Prove that T is a linear, ..., @ € F.},..,Xn) € F" and a1x)Vanx,
.transformation
,.»¥n) € F" and @, f € F, Theny, ..., xn), ¥ = (y1Solution: Let x = (x
[Gooos Y1y e X0) + PO T(ax + Py) = Tla(x
(os @Xn + Pym+ Py1 T(ax =
O+ .ot an(axn+ Pyn+ By (axa=
(+ oot QnYnl N1+ oot CnXn) + Fo) x10(a =
G Yaly s Xn) + BT(aT(x =

(Thus, T is a linear transformation (i.e., linear functional
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Chapter 2

Normed Linear Space

.2.1Definition
[ et L(F) be a linear space over a field F. A mapping lf I : L - R is called

norm if the following conditions hold
((Positivityx € L.VOlxlIl > (V)
.0if and only if x = 0 llxll = (Y)
((Triangle Inequalityx, ¥y € L.VIx + yl < llxll + lyl(Y)

X€EL, Vae WWlaxll = |o IxIl (4)

L, Il ll) is called normed linear space. )
2.2 Remark

.From now on, the field F is either R or C

.2.3Theorem

Let (L, Il Il) be a normed linear space. Then, for each x,y € L

Oull = oll (1)
Al = =xlI (2)

dx =yl = Iy —xIl (3)




((Reverse Triangle Inequalityllxll =liyl | < lx =yl . | (%)

JEvery 6(Reverse Triangle Inequality) (Ixll =iyl | <lx+ yl. |(°)

subspace of a normed space 1s itself normed space with respect

.to the same norm

((1(1.12see Theorem )pLl0oLll = llo) lI1 Proof. (
Ol = oll0=

X € LY|lxll = Ixll=xl = |- (2)

((2by part Ollx =yl = I=(y =x)lI = Ly —xIl (3)

We must prove —llx =yl < llxll =liyll < llx =yl (£)
)). 3(2.1by Definition YIxll = Ix —y+ yll < lx —yll + Iyl

(I Hence, lIxll =liyl < lx =yl
}). 3(2.1by Definition )Similarly, Iyl = ly =x + xIl <y —xIl + lxll
(ID Hence, Iyl —lixll < llx —yl

Vx, y € LHence, by (I) and (IT), we get llx =yl = [lxll =1 yll|

We must prove —llx + yll < llxll =yl < llx+ yll (0)
). 3(2.1by Definition YIxll = lx + y—yll <l x+ yl + -y

000) Hence, lxll =Nyl < lx+ yl

((3(2.1by Definition )Similarly, Iyl = ly + x —xll < lly+ xll + ll—xl
Hence, Iyl =lxll < llx + yl

(IV) lxth =lyl = =lx+ yl

Hence, by (III) and (IV), we get —llx+ yl < lxlIl =lyl < lx+ yl
X,y €LY

O
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2.4Example
Let L = R be a linear space over R with Il I : L = R such that llxll =

.| x|. Show that (R, I ) is a normed space
Solution: We show that

.0x € R; hence lIlxIl > V0lxll = |x| > (1)

0= x=0 &= |x=0 Letx €R, lIxll = (2)

X ER,Va € RV (3)

Naxll = |ax| = |d |x] = |o] IxI
X,y ERVIx+ yll =[x+ y| < x|+ [yl = Ixll+ Iyl (4)

2.5Example

Let L = C be a complex linear space over C with Il [ : C - R such that

Vv

.z= a+ ib. Show that (G, ) is a normed spaceV+ B Izl = |z|]=  a

Solution: We show that

0z="aF b€ C hence llzIl >V0=>2+ B lzl = |4 = \[a (1)

Let z= a+ ibe C(Y)
i=0F 0= z=0 €2 a=b=0=2+ Blzll= |7 = \[&‘
Let z, we C(Y)

, 2
lz+ wl =<z+ w)(z+wywhere z+ w=conjugate of z+ w

- —Z+WNZ+ W) =Zz+ WW+ WZ+ WZ) =

ZZ+ WwW+ IQ-I- =
Wz

“Rewzlzz+ ww+ =

2
Iwillizl = (Izl + 20zl + Ilwﬁ + 2

A P
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, hence, Iz + wl < Izl + 2< (IzI + Iwll)? Thus, Iz + wl
Awll

JLet z€ Ca€ C(4)

of J |(laz)l = |az| = |a(a+t,ib
= |= |d|2+ B a)= o2 B (al= o2 + (ab)? asz\L:

a2

—1, thenl 7, w= 3+ 22 Let 2\7 2.5As an application to Example
3= 24324l = 24 37—l =3F (1+ 27z + wll = Ii(

.15\/3= 325 = \/152 + 1024 = JIS+ 10z =151

o .13‘/5= 324 22 ‘fsuzu =5

.2.6Example

Show that the linear space C®(R) is a normed space under the norm
(VF€ CORIFI = sup{| f(x)| : x € R},

(0. Hence, I I > 0Vx € R, Then, I fll = sup | f(x)| =0 Since | F(x)] = (1)
0= sup{|f(x)|:x€R}=0 Ifl = (2)

Vx €R0 f(x)|= | >€

((zero mapping0 VX ER &= f=( f(x)= =&
Let f,g€ CHR). Then (Y)
{If + gl = sup{|f(x) + gx)|: x €ER
{sup{|F(x)| + |g(x)|: x ER >

Ssup{|f(x)| : x € R} + sup{|g(x)| : x € R} = Il + ligll >
Hence, If + gl < U£1I+ lgl

Let £ € CAR),a € R . Then (£)




{lafll = sup{|(af)(x)|: x ER

{sup{|e||f(x)]: x€R=
below where A = |£2.7 o sup{|f(x)| : x € R} (By Theorem | =

(I(x)] and f= |a
VIRIE

.2.7Theorem

, then BA is bounded above and OIf A is a bounded above set and S >
.(sup(fA) = fsup(A

= (:Let f, g€ CPR) such that f(x2.6As an application to Example
,. Hencelcos(x) + 2sin(x) and g(x) =

.(Vx € R,Isince |sin(x)| <) £l = sup{|sin(x)| : x € R} =

{]: x € Rlcos(x) + 21 £1l = sup{]

3. Solighh=3=1|cos(x)| + 2| < lcos(x) + 2But |

.2.8Example

]is 1,0] of all real valued continuous functions on [1,0The linear space C¥[
(.. (H.W2.6a normed space under the norm defined in Example
2.9Example

]1s 1,0] of all real valued continuous functions on [1, 0The linear space (]

a normed space with the norm defined as

.[I,JU’(XN dx Vf € CIIfIl =
,. ThusOf(x)| dx =], thenl,0Vx € [,0) Sincgo]lf (x)| = 1solution: (
OIFl >

se 0lfl = (2) I‘ £(x)| dx= |




l,OVxe [ f(x)| = |=,<=

[LOVXE[D f(x)= =€«

.((zero mappingd £ = =&
]. Thenl,0Let £, g€ CT (3)
|£(x) + Qx)l dxlf + gl =

{ng)I + |g(x)]) dx)2

fo L\g(x)| dx :{;lfu + 1£(x)] dx+|=gl

l,a € R . Thenl,OLet f € CT (4)
I(If{Jr || If(x)lfd‘x= lgllef (0] dx=fls‘af|| = .dx= |a| £

= (] such that £(x1,0: Let £ € ([2.9As an application to Example
.. Find I£l, gl and If + gli?and g(x)= —x3 x
= |f&)| dxll fll = Iol 3 ='r,§ dxdx =%

= |{4X)| dX"g" = Iol . 2 = XI’IOI dAJdX:x%—
I Iy '
=lIf+ gl = £+ dn)| - PFxx dx
0 03

I

% L
=3 2 - = J=

.2.10Example
Consider the linear space F” over F(F= R or ). Define l Il : F > R
y s Xn) € F2, Then (F, I ) is ay, ..., | Xa|} VX = (x;by 1.XN = max{|x
.normed space
eyl Vi=0,...,X5) € F", |x{| 2 1) For any X = (xIsolution: (
.0, then 1.XI1 > 0],...,|xa|} = 1Then max{|x
, s Xn) € F™, where X = (x0IX 1 = (2)




0, [Xal} = 1max{|x =«

w=Xp= 162 X0 | = .= |xg| = 4] @€

0 =0,..,0,.,X)= 1 X = (x €
yos V) € Fp, 0 xn), Y = (Let X = (x (3)

{1, |X2+ yot 11X + Yl = max{|x
{1, o | Xal + |ym| + |yimax{|x 2

[y |pal} = DX+ WYY, ..., | x5|} + max{|yymax{|x >
,onXn) €EFPand @ € Flet X = (x (4)

{1, |examlleX | = max{|ax
|y | Xal} = [ WX, .| 0f | X0} = | @] max{| ximax{| 2] |x=

over3 : Consider the linear space R2.10As an application to Example
, ). Then3,7,=0) = G,y 0), Y = ()5, -2, 1) = (3, x2, xjR. Let X = (x

and5 |} = 5, [-2], [INX 1 = max{| (1)
J1}= 31171, -0 Y = max{|

121} = 1], 12|, -1 Y1 = max{|21.X +
X1 3YI, 13X + 2X =Y, 121)Find2(
YShow that3(

[,al Il max{| gl %l x|} < max{| x|+ yl, | x|+ |5l |11|+Iy1ma?{lx
Alsly
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.2.11Exercise

- R such 2be a linear space over F= C. Define I I : C2Let L= C())
. Show that l0and 4, 6>2) € &y, x1|, VX = (x| + b|xthat I.XIl = a|x
(.. (H.W2Il is 2 norm on C

(. Let 1. X1l = min{|x] , |1}, VX = (x, y*Consider the linear space R (Y)
B

.2 Show that I Il is not a norm on R2R

2y € R3, -0solution: Let X = (

0} = 3,01} = min{3],|-00X I = min{]

) of the definition of the 2. Condition (0, but I Xl = 2z0Since X /=

Zgormis not valid. Hence, I Il is not a norm on R
¢ f Let 1 X1 = | x| +|y2Consider the2l¥car(Spagk & Y

.(4Show that Il Il does not satisfies condition (
2), e = 3,1solution: Let X = (

20)= 34 12Q(A ¢ 19 5= 2000 X0 = |
40= 62+ 22)I = 6,2)I = I(3,1Q2NeX 1l = |

40/=llaXll = 20 Thus, |ef 1. X1l =
x,y€ L. VLet (L, I'll) be a normed space. Let lx+ yll = lxll + I yll(£)

Ayl20xl + 3y = 2x + 3Show that |

J2x + 3yl and 120x0 + 3yl > 2x + 3solution: We must show |
>

Iyl2xl + 3

(x+ y) =3y =yl = 13x + 3yl = 12x + 3
((4(2.3(By Theorem (x+ p)Il =liyll 31| <

((4(By axiom (lx + yll) —liyl )3 =

’
Z
z
Z
z
Z
z
Z
z
Z
z
Z
g
'

R A e e



20xI+ 30yl | = 20xl + 3| =
(1) IpI2 1l + 3 Il > 2x + 3lyl Thus, |

3
|
\
\

(2(  ))3-4By axioms Ollyl2lxll + 3 ¥l < 2x + 30n the other hand, |
Myl20xll + 3yl = 2x + 3), 12) and (1From (

Some Important Inequalities

To give more examples about normed space, it is important to present

.some inequalities

is a real number andIf Jp = {(Xa) : Xa > Te i€ o} be a set ofx||

= ,..) € Ip, ym, x1)). Let xp = (x2(1.11sequence space (see Excercise

) € I, Theny, y17)

Holder’s Inequality(1)

5 » o ®
2] x | 4P 9 ¥

1i= li= li=

d=1+1land 1,9 Iwperg p>

Cauchy Schwarz’s Inequality (2)

pa »
Sixd g 2y A
li= li= li=

-Note that Cauchy Schwarz sinequality is a special case of Holder sinequal

21ty where p= g=

“““‘““““\

Minkowski’s Inequality (3)
1fp2
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1= 1= Li=
.2.12Example
and? ) € R5,0), Y = (2, 1be a linear space over R. If X = (-2 Let L= R

Jp=

Verify Cauchy Shwarz inequality. (1)
.)Verify Minkowski' s inequality2(

.2.13Remark

The three inequalities above hold for finite sum.

Now we can give the following examples

.2.14Example

Show that the linear space R” over R (or € over C) is a normed space
S with1X1 22} o €, X'= (F,..x). The spaceX € RY
R7IX1) is called Euclidian space and (C? I.X1) is called Unitary)
Space

, . ¥n) € R? (or C") and @ € Ry, ..., xs), Y = (»1Solution: Let X = (x
(or C7)

,Then,...,n.1¥7 = ,0Since |x{| = (1) ’ Lﬁ: ? that is 0 <
01X >

5 5
seXl= @) ) 2% se  JoxP=

. 2
v V= 0x] = | @€

s, nlVi= Qx;= €




R"OJ---’XB) = 1X = (X >
yeoXnt+ YoYlhi+ i IX + Y= ll(x (3)
2 ! 2 1
= lubgl 2t 0¥ x| 1if|jz ? Minke' 9
(Inequality

XN+ 1Y =
I

I (4)eXl =1 ax,.., ax )II)Z 1,f|“&12 2

2 1
=" Tuld |4
2 1
ld="" 7 i%=Tallx|| X
I
:2.14As an application to Example

(4,2,-1) = (3, x2, x1, I ) be an Euclaidian space and X = (x°Let ( R())
.Then, find I X1

(2+ i,-1) = (3, x1, 1 ) be a Unitary space and X = (x2Let ( Q)
.Then, find I.XII
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.2.15Definition
Let (L, I 1), (L', I I,") be normed linear spaces over a field F. Let
LXL ={(X,Y): X €L, Y€L} be the Cartesian product of L and

L' Define + on LX L' by

€Ly 1)+ (X1, IMX Pat hahit A1) = (X2 Bi)+ (X1, 1 X)

sumonL  sum on L 5 e '>.(L
Define a scalar multiplication

MX,Y)eELXL Vo€ Fo(X,Y)= (aX,aY),

.2.16Proposition
(«Show that (X X Y+, X) is a linear space over F, (H. W

.2.17Remark

The product linear space defined above can be made a normed space by

.different ways as we show in the following example

.2.18Example
Define Il Il : Lx L' - R such that

= 1XI,+ 1Yl (X, DI (1)
{= max{IX 1, 1Yl I(X, V)l (2)

) are normed spaces,), (L X L', I I;Show that (Lx L', Il I

,) 1s a normed space,To show (L X L0
VX € L,VY € L', then0 and I Yll,- >0 Since 1X 1, > (i)

021X+ 1Y, = I(X, V)l

““““‘“““\
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0= IXI,+ 1Y, =0 = i) I(X, V)l
OIXl, = 1Y, = =
(LI ,), (L', 11, are normed spaces))0X = Y= =&
0,0X, )= () =€
) € Lx Ly, Y2),(X1, YiFor each (X (iii)
Dot Y1, Yot Xy = I(X))lly, Y3) + (X, ¥il(X
I+ Vil + 12+ Xy 11X =
Ul + WYyl + 1Yl + 1X X >
(Mol + 1730 ) + (KX, + Y1) =
D, Yot I(X ), Yill(X =
For each (x, ¥) € X X Y and for each « € F (iv)
= laXl, + laYl; = I(aX, a?)l, la(X, V)l

a1 X 1+ || 1 YT, = [o] (WX, +1 Y1) = o] I(X, Y| =
N

'is a norm on L X L, Now, we show that Il I (V)

VX €L VY €L, and 1Y, >0 Since 1.X1I, > (i)

0>, then max{IX1,,1¥l,}=I(X, )l

0= max{I X1, 1Y, }=0 =,ii) I(X, V)I)
OlXl, =Yl = se

(L I0,), (L', I I,-) are normed spaces))0X = Y= =&

0,0X,Y)= () =2¢




"Y€ L Ly, ¥y), (X1, YiFor each (X (iid)
Dot Yi, Yot X1= 1(X,)la, V) + (X1, Vil(X
(4 Yill,, I Yo+ Xy max{lX =
(il + 1Y, 1Yl + 1 X max{I.X 2
{0, 1Yl ) + max{IXy0, 0 Yimax{I X >
M, Yot 10Xy, V(X =
For each (X, Y) € Lx L  and for each @ € F (iv)
{=max{llaXll,,laYl;, = I(aX, aY)I, la(X, V)l
{ max{|a| 1 X, ||l Y, =
sl max{1X1,,1Y1,} = [a]I(X, )| =

Yo, I g2 Let L= (R,||)and L' = (R2.18As an application to Example
3 (2,-1€ L= R and Y = (3 is the Euclaidian norm. If X = » where Il Il

sand I(X, Y)ll; . Find I(X, Y)I2L = R
2)llg2, =1l + 1(3= I, W2, =1, (3= li(; Selution: (X, Y)I

1
TR

|+ |1f 3= ?5%‘/ +3=D

(.(H.W, Find I(X, Y)I
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.2.19Definition

Let X be a non empty set and d: X X X = R be a mapping. Then d
18

called metric if

X,y € XV0dx,y) =2 (1)
X,yeEXve> x= ) dx,y)= (2)

Vx,y € Xdx,y) = dyx) (3)

Vx,y,z€ X.dx,y) <dx,2)+ dz,y) (4)

Let (L, I ) be a normed linear space. Let d : L X L - R defined
by dx, yy= lx =yl Vx, y € X. Prove that (L, d) is a metric
space. (i.e., every normed space is a metric space). The metric dis called

.metric induced by the norm

.Proof. To prove (L, d) is a metric space
= (Hence, dx, yx, y € L¥0i) By definition of norm, lx =yl > )
Ollx = yll >
(i) dx, )= lx =yl = ly—xll = dy, x)
€2 x= 0 €2 x-y=0&= lx—yl=0ii) dx,y) =)
Wydx,y)=lx=yl=llx-z+ z-yl <llx-zll+llz -yl = dx,2)+ )

(d(y,4

SIS
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.2.21lemma
(Let d be a metric induced by a normed space (L, I ) (ie., d(x,y

Mx —yll). Then dsatisfies the following
Vx,y,a€ Ldx+ a,y+ a)= dx, y) (i)

Vx,y€ L, Va€ Fdax, ay) = |o|dx,y) (i)

Vx,y,a€ Lydx+ ay+ ay = llx+ a—(y+ all = dx, y)1 Proof. (

O
(dlex, ay) = lax —ayll = la(x =p)l = |a| lx =yl = |o| d(x, y (2)

2.22Remark

Not every metric space is a normed space as we show in the next example

.2.23Example

Let dbe the discrete metric on a space X. Then dcan’ tbe obtained from

a norm on X (i.e., (X, I I, where

ot

X /=y
Solution: Suppose d induced by a normon Then, by previousX.
,Lemma
dax,ay) = |a|dx,y) Vx,y€ X and Va € F
Then ax /= ay such that dx,¥) Let x,y € X such that x /= .
(D1, dex, ay) = 1=

(2( But |o] d(x, ) = |d]
.Thus, dat1/= |o| = |o d(x, y) for any a /= 1 Hence, d(ax, ay) =

.not be induced by a normed space
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.2.24Example
Let dx, y) = |x| + |4 Vx, ¥ € R, Then, d is a metric on R (check!).

, ¥ = 1However, dis not induced by a normed space. To show this, let x =

.ER2,a=13

4|= 3|+ |1)= |3,ld(X,y) = 0(
8| = 5|+ |3) = |5,30n the other hand, d(x+ a,y+ a) = d(

, dis not induced by 2.21Thus, d(x,y) /= d(x+ a,y+ a). By Lemma

Jq1orm

Generalizations of Some Concepts from Metric2.4
Space
In what follow, we give generalizations of some known concepts from metric

space such as open (closed) ball, open (closed) set, interior set, closure of

.a set, convergent sequence, Cauchy sequence, and bounded sequence

.2.25Definition
. Then theO€ L,r€ R,r> ¢ Let (L, I I) be a normed linear space. Let x

set
{I <n)={x€L:lx—-xoB(x

,and radius r. Similarlyg is called an open ball with center x

{I<m)={x€eL: Ilx —xoBA(x

.and radius rp is called an closed ball with center x

‘\‘\‘\‘\‘\‘\‘\‘\\
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.2.26Definition
Let (L, I 1) be a normed space and A € L. Then A is said to be

.such that B (x) € AQ open setif Vx € A,3r> »

closed set if A= L\ Aisopen set o

.2.27Remark

Let (L, I ) be a normed space. Then

L, p are closed and open ()

The union of any family of open sets is open (Y)
YThe union of finite family of closed sets is closed 3(

)The intersection of finite family of open sets is open4(

.The intersection of any family of closed sets is closed(5)

2.28Theorem

.Any finite subset of a normed space is closed

.Proof. Let L be a normed space and A € L

((1(2.27by Remark )If A = ¢, then A is closed
If A= {x} to prove A is closed (i.e., to prove L \ A is

open) Let Y€ L\A = L\{X} so that y/= x. Put llx - ,Thus .0 <

x &BAy) and hence B{y) € A= L\ {x}. Thus, A¥i5ofen and thus
A

.18 closed
IfA={x§,..x ,(3(227{x;}. By Remarkithen A= Ul n€ Z ,n> «

A 1s closed { a
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