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Chapter 1

Lmear Space

A linear space (also called vector space), denoted by L or V, is a collection

of objects called veetors, which may be added together and multiplied by
numbers, called scalars which are taken from a field . Before defining

Jinear space, we first define an arbitrary field

. Field1.1Definition

.Let F be a non-empty set and + and . be two binary operations on F

The ordered triple (F +, .) is called field if and only if
F 4} 15 a commutative group ) 1)

F—{e}, .)1sa commutative group, where eis the identity with respect )}(2)

A+) 1o

(15 distributed over (+) (from left and right (.)(3)

A.2Example
Let (+) and (.) are ondinary addition and multiplications. Then

Each of (R, +, .),(C, +, .}, and (@, +, .) are examples of fields =

) does not hold) and (Z, +, .)is 1{1.1.Z, =, .) is not field { Definition } =

() does not hold2(1.1not field { Definition



. Linear Spacel.3Definition
Let (F +, .} be a field whose elements are called scalars, Let L 1s a non

mpty set whose elements are called veetors, Then L is a linear space (or

a vector space) over the field F, if

pddition: There 1s a binary operation + on L called addition (not ()

.usual addition) such that (L, +) 1s a commutative group

Ve € F. x € L,Vscalar mmltiplication: e.x € L(Y)
}The scalar multiplication and addition satisfy3(

Vae Fx,yELV a(x+ y)= ax+ ayvi)
Va,feE Fxe LWii) e+ Bl.x= a.x+ fx
1 Ya,f € F (iv)¥x € L,(i1i)( a.f.x= a(f.x)

is the unity F1 x€ Land V.x= x

Jd.4Remark

If L is a linear space over F, we say that L(F) is a linear space. We also

.can say L 15 a linear space



Examples of Linear Space1.1

1.53Example
-The set of real numbers R, with ordinary addition and ordinary multi

.plication, 15 a linear space over (F+,.) = (R, +, .). Indeed
R,+) 15 an abelian group) (1)
xER,cae RVa.xeR(T)
('All other conditions are satisfied (Check (Y)
.This linear space (R,+,.) is called real linear space
.L.6Example
The set of complex numbers €, with ordinaryaddition and ordinary
.multiplication, is a linear space over (F£+,.}= (C, +, .). Indeed
C.+) is an abelian group) (1)
xeC,ae (Wa.xe V)
('All other conditions are satisfied (Check (Y)
.This linear space (C, +, .) is called complex linear space

.1.7Example
3, eees Xals e Xn) - X1Let (R, 4, .) be the field of real numbers, Let R® = {(x

v oes ¥a) Of R%, 1, ., X)) and ¥ = (qR}. For any two elements X = (x

define ordinary addition
Ly Xp+ Yo+t MA + ¥=(x

Also, define scalar multiplication in R® over R by

NVae R, YVXeR", ...axoshaX=(ax



.Show that R” is a linear space over R

Solution: Let us check linear space conditions

We show that (R7, +) is 2 commutative group (1)

s ooes Xl Y1 4 oo ¥n € R7), Since Xy, ..., Xa), ¥ = (na)let X = (x)
+ ¥z€ R, then X + Y € R” Hence, R"is closed with respect

.to ordinary addition
5 asey zﬂ} E R-nh“w-}"n}lz — l:z],, pesp XFJ'}p Y= U’]X = (Xh'}Fﬂf 3”.}
[(r“-r Laky "'l.n"—.ﬂ‘:] + Ezl: s X)) + [LPIX + (F+ Z} = (x

(soons Y+ Zl ¥ Z)4een Xa) + (11X) =

()svirXa+ (Yot Zm+ 21+ (1 X =

vees (Xnt+ Ya) + Znl) + Z1% | X)

o Zg) = (X + VY+ 2, ., Xpt Vo) +( 21+ VX)) =

yoes Ya) E R, X0), ¥ = (X = (xc)For all)

- ¥atXn) = 14X, s Xpt Vo) = (V1+ V1 e Fo) = (X e X+ (1 A+ Y = (X
¥

} € R"such that 0, ..., 0, ..., xs) € R we have (1. X = («aFor all (d)
) is the 0,....0, ..., xgz). Thus, (1) = (x0,...0, ..., xs) + (j(x
.additive identity

s or —Xn) € R7such |, ..., Xp) € R"then —X= (—x1.X = (xIf (&)
that

.). Thus, —X is the additive inverse of X0, ..., 0X + (—X) = (



From (ay-{e) we pet (R, +) 13 a commuiative group
s Xy ER, thenp,nay) € RY and @ € R, Since exLet X = (x ()

ey X E R X = (a.x

Hence, R? 15 ¢losed with respect to scalar multiplication
The scalar multiplicaticn and addition satisfv (T)

o Vo) E RTand a € R, thenp, ... xq), (A = (xIf (i)
(oo o+ Vot ¥ alX 4+ V)= oa
(3 s a(Xa+ yark p1afx) =
(puves EoXpn+ & Fal+ @) @.X) =
(yoes EValy ey LX)+ {@ V)@ X) =
pem Yotz @ X+ a ¥, . L x0+ a(yaix=
v Xp) ERY and &, F € R, them X = (xIF(iD)
s+ DX+ LA = {(a+ §.x)
v @ Xp+ g+ fxpax =
(vons B X0, B X + (e x) =
cenda)= . X+ AV a0+ Blxa(x=
s Xp) E R" and o, F€ R, then | X = (xIf (1D
el @ Nxp (.. X = {a.f).x
v Xpl = @ (AX) oL fxe) = oo Slne{fx=

15 the unity of R, thenl ..., xq) € R? and 1.X = {(x{iv)If

pern X = Xxp) = (x], L0l A = (L]



Hence R7 15 a linear (vector)space over R
.L.BExample
s e Xy 2 1Let (€ +, ) be the feld of complex numbers. Let €7 = {(x
v wenply e An) @nd ¥ = (¥, ..., k0 € C}. For any two alements X = {xx
yu) of €7, define

Asvs X+ ¥+t MAX + Y= (x
Define scalar multiplication in O over € by

Nee O, WXe ", . ,axhaX=(ax

Show that €7 is a vector space over C. (Verify that)

L1.9Example

L ¥ x, v 200 (OLet (R, +, ) be the field of real numbers, Let M = {(x,
L3 of M| define 0) and Y = (0}. For any two elements X = (x, 0
Aordinary addition X + ¥ = (x, ¥

) and0Also, define scalar multiplication in M over R by a.X = (e.x,
Tay) Yae R, ¥A,Y € M. [s M a linear space over ROa. ¥ =

.Solution: Let us check if (M, +) 1s a commutative group
)y &M, Thus, Mis 1, 1} = (1, 0y + (0. 1} € M but (1, 0). {0, 1Since (

} = 0, 1{Inot closed under addition, then (M, +) 15 not group. Also, —

O M. Thus, M is not closed under scalar multiplication(), 1{—

.L10Example
Let C*(R) = {Ff: f:R = R, fis bounded and continuous} set of all
bounded and continuous functions defined on R. For any £, g€ CXR) and

for any ¢ € R, define



af)(x) = a.f(x) ¥x € R,ve € Rlandf + g@i(x) = F{x)+ glx) vx € R)
Show that C*(R) 18 a linear space over R,

Mow, let us check linear space conditions

We show (CHR),+) 15 a commutative group (1)
Let £, g€ CYR)) such that £, £are continuous and bounded (&)
func- tions. We wan: to prove £ + g€ CHR) (le, £ 4+ gis
{continucus and bounded
Since f, & are continnous, the sum (£ + £ 15 a continuous func-
(Dxion
€ R, such thats , M Alse, since £, g are bounded functicns, IM
. Hence, for all x € Roand |g(x)| < M fix)| < M|
2t M+ g)(x)] = [ flx)+ glx)l = [ Ax)] + [glx)] = M)
. Thus, £+ gis bounded function:+ M) £+ gxl] < M} (I
ABy (D and (II), F + g€ CYR
f.g.fie CAR) and for all x € Ro)For all)
[(f + (g+ M](x}= Fx)+ [(g+ M(x]
(F{x) + glx)]+ Alx]=
A+ g+ Blx) = [(F+ @+ Al(x) =
(f,2€ CHRFor allic)
A+ gx)= fix)+ gx)y=glx)+ Flx)= (g+ 1)(x)
O(x}= Oby 0:R = 0 F € CXR), define For all {d)
3 (is continuous and bounded function. Thus, 07t is clear that

C*(R} and



(= FOMW = F(x)+ MW= Fx)+ OF+ )
4 F(x) = £(x) ThusO () + F(x) = 0+ F)(x) = 0Similarly,
+F=f0=0F+"
dis called the additive identity 0
3 e)Forany f € C(R), define—f: R = R by (—A(x) = —[fx)] VX
R
.Since £ 1s continuous, then —f 18 continuous
Moreover, YXE R, |—fx)| = | fix)] = M, Then, —F 15 bounded
Thus, —f€ C*R) and
F+(=N](x) = F(x)+(=F)(x) = F(x)+(—F(x)) = F(x)—£(x) ]
= 0=
= (Similarly, [(=H + £](x) = (=N(x) + fx} = (=Ax))+ f(x
0= 0 F(x)+ F(x) = —

From {a)-(c} we get (C*(R), +) is a commutative group
Let £ € C*(R) and « € R, We want to prove af € C%R). (i.e., af is (Y)
{continuous and bounded
Since £ is continuous, then @f is a continuous function
Also, since £ is bounded functions, 3M € R, such that |[fix)| = M

. Hence, for all x € R

af)(x)| = |e.flx)] = |e]|[F(x)]| = |a] M)
Therefore, af € C*(R) (C?(R) is Thus, af i1s bounded function.

[closed with respect to scalar multiplication

The scalar multiplication and addition satisfy (T}



f,g€ CHR) and a € R, theni)If)
[(a(f+ @) (x) = a(f+ g)x)= a[(f(x)+ g(x)
(@ F(x)+ a.glx =
af)(x)+ (ag)(x) = (af + ) =
fECHKR) and @, f€ R, then  ag)(x) (DI
(a+ F)flx) = (a+ f).f(x)]
(a.f(x)+ fB.f(x=
af)(x) + (BF)(x) = (af + ff) =
f € CHR) and @, f € R, then yx) (iIf

A B f](x) = (@ f).f(x) = a(f.L(x)) = a.[(f)x)] = [a(f)](x)]
.(Hence, (a.)f = a{fr

15 the unity of R, then 1 £ € C®(R) and 1v)If)
L. f(x)y= F(x16)(x)= 1{

Hence, C*(R) is a linear (vector)space over R

.1.11Exercise

Let Cfla, = {f:f:[a - R fisbounded and continuous} set (1)
of all bounded continuous functions defined on [4, &. Show that C¥a,
B is a linear space over R where £ + gand af are defined in the

1.10same way as in Example
and F= (R, +, .). Define the following two operations:? ¢t L= R (T)
2) € Ra, 1), (. x) Y(x+ o x+ 3 ) = (x. i) + (e, x) (xa(

Yo e R,z} € Ry, x1¥(x)z2, x1) = (@ x3, x12.(x (2)



TShow that £ 15 not a linear space over R

Let L bethe setofall real valued sequences {x,), Define usual addition(™)
and multiplication of & sequence as follows: for any {xa).{yu) € L
and each ¢ € R
and e {xq) = {@.xa). Show that {xz) is 2 an) + (¥} = {xa + ¥}

Jinear space over R

D (axznxlet N o= {(xLet ( R,.+..) be the fizld of real numbers.(L)

-}, Define the following two operations(> 3, x7, x| x

= LHoaoaVX = (Kas+t Lt .yt X+ Y= (x (1)

yE Ny 3y
YoeeR, VXE N, aox, axiaX = (ax(2)

s N linear space over R

. Properties of Linear Spacel.12Theorem

¢ 18 & zero vector of L. ThenOLet L{F) be a linear space and
L Yo € F Op = 0 (1)
a¥xeLox=10)2(
Vo EF, a{—x)= e.x) VxEL, (3)
Yoe A —ia= —(ax) Vx € L,4
Vee F, alx —¥i= ax—ay ¥y, ve L, (5

4001 x = Othen = 0 a.x = IfA(



Linear Subspace1.2

.1.13 Definition
Let L be a linear space overa field Fand let ¢ /= H € L, Then A 15 called

.a linear subspace of L if & itself is a linear space over F
1.14Theorem

.2t Hheanon empty subset of a linear space L(F). Hiscalled a subspace

of Lifand onlv if ex + By € Hforall x, ¥ € Hand forall a, fE F
1.15Exercise
*be a linear space over R. Which of the following subsets of R3 RLet(Y)
Zare subspaces of R
f€Ra, 1 x3)E Ry, x2, 2= {(1 1} H)
=5+ A3+ X0 x7) € Ry x2, x0= {(x210) H)
=2 X2+ 1: X7 YE Ra, xa, x1= {(x3 } (i) HO

{1

| be a linear space over R, Which of the following subsets 1, [£]=Let (T)

J[1, 1] are subspaces of CT-1, lof CT—

{O=01:7(L1= {f € Qi) H)
{[LLYxe[0]: fix) < 1,1= {Ff € (-5 ii) H)

(1= £(1]: Fi-, 1= {£f € Cl~ i) &)

theni ) € A2, 31, ¥2), (3, x2, 2(0)): Take (18olution (

O EH v, xt+ L xd) = (0, kL VD + (5, 1008 42)

181, H1.13Then, the closure condition 18 not satisfied. From Definition



and @, fF € Ry ) € Hy, pi. v2), (4. x3, x2(i)): Let (1Another Solution (

then

|} &y, X+ Yol ot ), X2) = (343, x4y x2a+2) = (2, 31, V2)+ 3. xp, X2
Jdif and only if &4+ f= 2 (a+ 5 = Zbecauss

iz not a subspace of Ry , H1.14Thus, frem Theorem

.and e, f € Ry (1ii)): Le: £, g € H2Solution (

= af and fg are continucus onl, 1= £, gare continuous on [—5 £, g€ H
1, 1Thus, ef + fg is continuous on [— [14-] (D)
(1} + (Bg(—1) = (af)(—laf + fgi-)

(1) + Bagi—la.fi—=

(1) = (af + f2)(1) + Balla.f( = an
1. 1is a subspace of (= . Thus, HsFrom (I) and (I1), ef + g€ H

Linear Transformation Mapping Y

1.16Definition
Let L(F) and L'(F) be two linear spaces over the same field F. A mapping

T:L— L iscalled a Linear Operator or Linear Transformation if

Na, fe F¥x,ve L TNax+ fy)= aT(xy+ ST
A.17Example

€ Ry, a3, x)) ¥au, x;) = (x5, &3, xydefined by T(x2 - R¥Let T: R

.Tis a linear transformationShow that(1)

). Computel,’ =0} = Gy ) Y = (03, —1L2) = (3, x2, ;. X = (kIf(2)

AX)and X + ¥YITH



3 and @ F )€ Ry, 3 ¥, Y = (3%) € R3, a2, x1): Let X = (x1Solution (
R. Then
[(n 0+ By x, x  TeX + fY)y= Talx
{1+ fw.axi+ By, ax+ fy Tlax =
{2+ fya.axi+ fy ax) =
{2 A1) + (fyz axiax) =
(o 1) + By, xya(x =
()= eT(X) + BT Ys, y. ) + BT, %3, x10T(x =
(2, 4)= (6,-2,4X) = T(2): Ti2Solution (
A4, =2)= 2,4, 2TX + V)= T
.1.18 Exercise
15 a linear space over F= R with vsual addition and mulapli-2 Let R (1)
is 2 4= Rication, Show that each of the following mappings T: R
linear transformation
X x2) = o xnixni) )
(2. %0) = {2, x1(x211) T}
} where 8 € R2,ax)) = {axy, x1{x3111) T
Let  CR) be the ser of all bounded continuous functiens defined (T)
on R such that €*R) is a linear space over R with usual addition

and multiplicatien. Let T: C%R) = C*R) such that T(f(x) =

F(x), Shew that T is a linear transformation mapping? x



.1.19Theorem

Let T: L(F) = L'(F) be a linear transformation. Then

£ 18 the zero Og 1s the zero vector of L and O where 0r) = 07T( (7)

"vector of L
(T{—=x)= —=T(x (i1}

(T(x—y) = T(x) =Ty (iii)

1.20Theorem

L = L'linear 2, TiLet L, L be lincar spaces over same ficld F. Let T
)(x)= 2+ Ti:L— L'as(T+ T transformations. Define the function T
(x) Vxe Lyx)+ T T

= ()(x;: L = L is defined as (eT) If « € F, then the function af

(x) Yx€ L, Thena.T
is a linear transformation. 24+ 77 TShow that(i)

18 a linear transformation; ef{11)Show that

Proof. (i) Let ¢, € Fand x, y € L. Then

(ax+ 2aex+ )+ Taex+ §)=T+ 1 T) (+ Definition of)
By
(x) + 200 + al(x) + phHal = 2, Tisince T)
(BT

(.linear trans
(O + () + AT+ Nal(T=

0+ D)+ BT+ T a(T=

.15 a hinear transformationy + 1) Thus, T



€ Fand x, y€ L, Then: , A1) Let /A
(wmx+ /Y = aTx+ PO(Fal) -Definition of scalar multiplica)

(Lion

(M. Txr+ . Ta f= (\lingar trans| since 7)

(O L+ e Tief=

Ondalix) + flel f=

s a linear transformation) Thus, []

.1.21Definition

Let L be a linear space. A linear transformation 7: L = F 18 said to be

Linear functional, (Note that F can be regarded as a linear space over

A F
A.22Example
= Let L F,..,x;, € F} be a linear space overy, ... Xs) @ 0x)} =
Jthe field F o+ o4 14, e dn) = mlet T2 F7 = F defined by Fix

Prove that T is a linear,...,a@y € F.q, ... xp) € F" and ex)Vani,

Aransformation

s Vo) E F"and a, f € F. Theny, o Xn), ¥ = (Solution: Let x = (x
[Cooe Yol Xa) + S Tlax + fy) = Talx

(Xt Oyo+ Py Tax =

O+ ...+ aulaxs + fym+ By (axia=

(+ oo+ Eo¥nl VI+ o+ Codg) + o x)o{o=

Lo s Vals v Xa) + AT (naT{x =

AThus, T 1s a linear transformation {Le., lnear functional



Chapter 2

Normed Linear Space
.2.1Definition
et L{F) be a linear space over a field F. A mapping I Il : L = R is called

norm if the following conditions hold

((Positivityx € L¥Y0lxll = (V)

Difand only if x=0 lxll = (Y)

{(Triangle Inequalityx, ¥ € L¥lx+ yl < lxll + IpI(T)
XE L, Vae Allaxl = |a lxll (4)

L, 1Y is called normed linear space. )
oo Remark

From now on, the field F is either R or C

2.3Theorem

Let (£, 0 1) be a normed linear space. Then, for each x, ¥ € L

Ol = ol (1)
Mxll = l—xl (2)

Mx =3l = Dy —xll (3)



((Reverse Triangle Inequalityllall —=lipl | < lx —yl. | (£)

)Every 6(Reverse Triangle Inequality) (lxll —=liyl | < lWx+ . [(°)

subspace of a normed space 1s itself normed space with respect

.10 the same norm

((1(1.12see Theorem JLl0OLl = N0y Il Proof. (
Lol = ol 0=

AE LY = Nxllll=xll = |— (2)

((2by part Ollx —pll = I=(y—x)ll = Iy —xIl (3)

We must prove —llx —yll < llxll =yl < lx —yll (L)
1. 3(2.1by Definition Ylall = lx —y+ yl < llx —yl + Iyl

(I Hence, Ixll =yl < llx =yl
). 3(2.1by Definition )Similarly, lpll = Iy —x+ xll < ly—xll + llxl

(IT) Hence, Iyl =0xl < llx -yl

¥x, y € LHence, by (I) and (II), we get lx —yll = |llxll =yl

We must prove —lx+ ¥ < llxll =l < llx+ yl (o)
)). 3(2.1by Definition Mall = lx+ y—yll < lx+ yll + lI—p

(I1) Hence, lxll =Nyl < llx + i

((3(2.1by Definition )Similarly, Iyl = ly+ x —xll < lly + x0 + I—xI
Hence, lyl —lxll < lx+ yli

(IV) Hxil =1yl = —llx+ vyl

Hence, by (IID) and (IV), we get —llx+ pl < lxll =yl < lx+ ¥

X, yELY

0



Examples of Normed Linear Space2.1

2.4Example

Let L = R be a linear space over R with I ll : L = R such that llxll =
) a]. Show that (R, I 1) 15 a normed space

Solution: We show that

LDxeR; hence lxll =2 VOllxll = |x] = (1)

D= x=0 &= |x|=0 Let xR, llxll = (2)

AXER,Yae RV (3)

Maxl = |ax] = |d |xl = | Nl

X, VERVIx + vl = |x+ ¥ < x|+ |y = lxll + 1l (4)

2.5Example

Let L = ' be a complex hinear space over O with I I : € = R such that
.z= a+ ib Show that (C,II ) is a normed spaceVi+ B lzl = |z| = J;f
Solution: We show that

Dz="aF b€ C hence Nzl =¥)=24+ Bzl = |2 = J.ﬁf{l}

Let z= a+ the C(Y)

Di=TF0e= z=0 = a=b=0=2+ Blzl= |z = \Ilr.-;

Let z, we C(T)

) 2
lz+ wil =€(z+ w)(z+wrwhere z+ w=conjugate of z+ w

- — Z+ W Zz+ W) =zZz+ WW+ WZ+ W2Z) =

~ Re wzlzz+ ww+

2
lwllizl = (Nzl + 2020 + Nwll + >

-
21wl



, hence, 1z + wil < Nzl + i (=l 4+ 1l wll}E Thus, Iz + will
el

JLetze Coae C(4)

)

30 —_
= |= el |2+ B ad)y= @4 Biai= el 4 (ab ea)) =

; ; [(Nazl = |az = |ata b

L Nzl

—i, thenl @, w= 3= 2: Let :r‘; 2.5As an application to Example

L 13= 1'“||121+32ﬂ|: 24 370 =377 (14 2z + wll = 1I{

T'l'.%ll{_’.r':_filﬁ :iTS'-! + 1724l = HIME1.‘§+ 10 20 = 051

] {

13V 5= 324 2V sia = 5

2.6Examplec
Show that the lincar space CP(R) is 4 normed space under the norm
AV e CORIFN = sup{| A{x)| - x € R},
0, Hence, 171 = 0%x e R, Then, 1 £l = sup | Axy| =0 Since | £Ax)] = (1)
== sup{|fx)|: xR} =0 I1F1 = ()
Yx € RO Fix)]| = | =»¢
{(zero mappingl ¥vx E R &= F = 0 fixy= =«

Let foge CHRY. Then (V)
{1F+ gl = sup{|f(x)+ gx)]: xER

[sup{|fix)|+ |gix)]. xR =

Supl | Alxy :xe R+ supf|gix)|:xeR= IFl+ ligl =
Hence, 1F 4 gl < 0LFI 4+ Nl gl

let € CYR),« € R . Then (L)



[Neafll = supf|[{afix):x ER
{sup{lel|f{x)|: xER =
below where A = | £2.7 alsupf|Aix)] : x € R} (By Theerem | =
(|(x} and F= |a
Il =
.2.7Theorem
, then A4 15 bounded above and 017 A 15 a bounded abave set and § >

Asup(fAY = Fsup(A

= (:Let £, g€ C®(R) such that Fix2.6As an application to Example
.. Henceleos{x) « 2eimx) and glx) =

AVxE R, lsince |sin(x}| = )IIF = supf|sin(x)] . x E R} =

Al x € Rleos(x)y + 2071 = supi]

Ao 5o ligh= 3= 1 |cos(xl| + 2| = leos(x)+ 2But |

2.8Example
1is 1,0] of all real valued continuous functions on [1, 0The linecar space Cf

{o. (H.W2.04 normed space under the norm defined in Example

2.9Example
]is 1,07 of all real valued continuous furctions on [1, OThe linear space (]

a normed space with the norm defined as

.[1,ar|,hx}| dx ¥F e CIIFI =
. Thustfixd| dx =], thenl,O¥x € [D Sincgﬂif(,r}l = ]solution: (

L0 =

e OlFl = (2) I,f Fx)| dx=

I
[l



[LO¥x [0 Fflx) =] =<«
[I,OVx € [0 fla)= =<«

((zero mappingl F = =&
]. Thenl,OLet £. g€ €1 (3)
|£(x) + 'Q.-rﬂdxllf+ =

{zlzm \gx)]) dxly=
I

]
], € R . Thenl,0Let £ € CT (4)

letx)| dx :{ﬂfn + £ (x)| dx+ =gl

|f_|f{r§ |rx||f[r}|'[1‘r= @llaf (x)] dx:Ig‘afn = .dx= |a|IFl

= (] such that f{x1,0: Ler £ € (J2.9As an application to Example
.. Find IF1, lgl and NF + gliand glx)= —x° x

: |fg[h| dxll £l = I{; J;g drdx =%
I .r]_ 2 f] »)
= |gin) dxllgl =" - % = x) dédx=x-
I I
=If+ gl =1+ gx| dx)| - Fxxdx
':' '] t. [':,-u._:..: ]
o o Lok L
127 4 T3k TERTAREIE
2.10Example
Consider the linear space FPover F(F= R or ). Define I Il : A - R
ven Xp) € F7 Then (F 0N is a1] e, | X0} ¥ = (x1by 1X1 = max{|x

Zormed space
e ftl, Wi= 0, ..., X2) € F?, |x = 1) For any X = (x1solution: (

0, then 1X0N 2 0],..., | %4} = 1Then max{|x

s Xn) EFM owhere & = (x01X 1 = (2)



01 |20} = 1max{|x =«
O= .= ap= 12 a0 [ = .= || = 1a] ==
F“n} = ﬂ, ---:[:I: ---!Xﬂ.:l = I::].X = {X ==

pea ¥ot EF L ke, ¥ = (let X = (x (3)

[l |Xa+ ¥ar+ 71X + ¥l = max{|x
{1, e o] + |m] + [pamax{]x =

|yoa | ¥l = DXN 4 W ¥Uy], oy | &2l } + max{ |y max{|x =
v Xat € FPand e € Flet X = (x (4)

s |J@xsmlaX | = max{|ax
ool Kol = 1 D XN:], o o] [ X0} = | max{| xymax{| e] |x=
over? 1 Consider the linear space R2.10As an application to Example
) Thend, 7, =0 = (4,02, 0 ¥ = (05, =2, 1) = (5, 42, iR, Let X' = {x
and5 |} = 5. -2|. 10X = max{] (1}
1 = 3.7 0 YT = maxd]
121 = 110,12, -1 ¥l = mex{|21 A +
XI3FN I3X + 2X =¥, 12DFind2(
$5how that 3(

|zl Dl Bemaxd] ysl . [ xal s [& ]} £ max{| x|+ 5] | &)+ 32] 5]+ pamax{| x
{1l ¥



.2.11Exercise

— R such %be a linear space over F= € Defina I Il ; £2Let L = €11)
. Show that Wand & £>2 )€ O, x|, VX = (x| + B|xthat 1 X0 = a|x
(.. (FL.WZI 35 a norm on O

(. Let 1X1 = min{|a] . |M} ¥AX = (x, »Consider the linzar space R (T)
3

2, Show that Il is not a norm on RER

2} € R3, Osolution: Tet X = |

0F = 3,0/} = min{ 3], |-O1X N = min{|

+of the defimtion of the 2. Condition (0, but TXT = 2g035mnce A /=

Cpommis not valid, Henee, T s not a norm on R
¢ [0 Let DX = | x] +|2Consider thellMearisnace 8 @Y

A45how that | I does not satsfies condition
2),a = 3, 1solution: Lel X = (

20) = 3+ 120 + 11 ) = 241X = |
A= 62+ 22 = 6,20 = I3, 120eX 1 = |
A0/ = laXl = 20 Thus, | 1.X1 =

x. v e L. Wet (L, 11} be a normed space. Let lx+ pll = lxll + I wl(Z)

M2l + 3 ¢l = 2x + 38how that

wWi2x + 3yl and 120xl + 3¢l = 2x+ 3solubdon: We must show |l
o=

Nl 20l 4+ 3

(x4 ¥ —pl3y —pll = Wix+ 3l = N2x + 30
((42.3(By Theorem (x+ ¥ =1zl |30 =
((4(By axiom (lx+ ¥y 1l 3] =

(TR acenmatinall wll 2 el — Il 1031 =



2hal+ 30pl | = 20x0 + 3=
(1) Ipl2Nxll + 3yl = 2x+ 3Nyl Thus, I
(20 1N3-4By axioms OIpl20xl + 3¢ < 2x + 30n the other hand, |

A2l + 3wl = 24+ 3), 12) and (1From (

Some Important Inequalities

To give more examples about normed space, it is important to pressnt

some inequealities

z

18 & real number andIf Jp = {{xs) : xa *ﬁ.: £ oo} be a set ofx ||

= ,ent € do ¥ez, X101, Let xo = {X2(1.11s2quence space (see Excercise
v or } € dg. Thena, yip)

Holder’s Inequality(1)

i N & .
=] x¥ | x° 7 i 9 A
1= l= 1=

d=1l+land 1,92 lwherg p >

Cauchy Schwarz’s Inequality (2)

i >,
> | x A TN
1i= 1= li=

-MNote that Cauchy Schwarz sinequality is a special case of Holder' s inegual
2ty where p= g=

Minkowski’s Inequality (3)

1If p=



% .
3 |4 F # Fxl ST H

1= 14=

2. 12Example

and? Y e RS, D), ¥ = (2,1be a linear space over R, fF X = (=2 Let L= R
Ap=

Verify Cauchy Shwarz inequality. (1)
JVerify Minkowski' s inequality2(

.2.13Remark
The three inequalities above hold for finite sum.
Now we can give the following examples
.2.14Example
Show that the linear space R™ over R (or € over ) is a normed space
= with I.X0 1 |.ﬁ: Eoogr ©L,X"= (X,..,.x ). The spaceX € RY

R7%IX 1Y is called Euelidian space and (€7, 1.X 1) is callad Unitary)
Space

v ¥a) € R? (o7 O and @ € Ry, ., X0), ¥V = (Soluton: Let X = (x

ALor €7
- - .\ 2 Eﬂ 1 :
,Then, ... n1¥f = ,0Since |xd = (1) | 3. ° that is ;0 =
AOrxn =
2 12 .
e 0lXI = (2} LER e [foxf = |

A
ca B2 x =2 | 2«

s ALY = Qx;i= =&



gu, ... X0 = 1A =i{x =&

v Xt Vol W 1A + ¥lo= Nix (3)

= : |XffEJirif 2 [t fl x| -_,Slfdlé Minkesd s)
(Inequality
NXT+ 1Y =
I
I (aX = 1wy, oax )T 7 ax® ?
= > _'ff:|ﬂf |J‘-5|2 z
=" 7 =deix ) x

I
12.14As an application to Example

(4,2, =13 = (3, x3, x1, | I} be an Buclaidizn space and X = (x'Let ( R(1)
.Then, find 11X

24 4,=1) = (zx1, 1 1) be a Unitary space and X = (xLet { V)
.Then, find 1.X1



Product of Normed Spaces2.2

.2.15Definition
Let (L, 000, (L2, 100, ") be normed linear spaces over a field F. Leat
LxL ={(X,¥Y):X €L Y€ L} be the Cartesian preduct of L and

L' Define + on Lx L' hy

YE Lo ¥3) + (X, VX e+ F#~ﬂ+ A1) = (A2, o) + (&), A
- ~ Jx L
Define a scalar multiplication

sum oo L som on £

VIX.VYELX L ,Va€ Fa(X.Y) = (aX,a¥),

.2.16Proposition

(«Show that (X % ¥+, X)) is a linsar space over F. (H. W
.2.17Remark

The product linear space defined above can be made & normed space by
Jdifferent ways as we show in the fellowing example

2.18Example

Define I I : Lx L' = R such that

= LXN, + 1 ¥l I{X, ¥} {1)

(= max{IX 1., 1Y, (X, ¥ (2)

)} are normed spacesy). (L X L, I I,Show that (Zx L, 1|
.} is a normed space;To show (L X L, 1 1Y)
VX € L,¥Y € L', thend and 1 ¥ll,- =0 Sinece IX 1, = (i}

Oz 1XN0, = I ¥l, = X, Y)I



