Chapter 4

Inner Product Space

.4.1Definition
Let L is a linear space over F. A mapping (,): L X L - F is called an

inner product on L if the following axioms hold
XE LV0Ox, x) =) (1)
0= x=0 x,x)=) (2)
—(Vx,y € L, where (x, y) =conjugate of (x, yx,y) = (5 x)) (3)
Vx,y,z€ Lax+ By, z)= a(x, 2) + By, z)) (4)

L,(,)) is called inner product space (briefly, [.P.S) or Pre-Hilbert)

Sspace

.4.2Remark

Vx,y € L. ) becomes (x, y) = (¥, x)3F = R then axiom (If(1)

.JEvery subspace of inner product space is an inner product space2(




Examples of Inner Product Space4.1

4.3Example
11~ Fis defined as (X, Y) = x2 xR2and let (,): R2Let L = R

). Show that (,)is2,51), Y = (32, xiwhere X = (X! VX, Y € Ry o+ x
.2an inner product on R
Solution: (i) We check the I.P.S axioms
D€ Ry X =3(xWX, X)=x +x 2)(1)
O X=(0e> 2=k =0 g +px =0 XX)=)(Q
((since F= R= (X, )2 yo+ 01X, ¥) = X§0(3)
(»21),Z= (2, 5),Y = (y2,x1Let @, JER and let X = (x (4)
(200, (22t By, axit ByraX + BY,Z) = ((ax)
D2t P+ (axi)zi+ Py ax) =
2zt P 21) + (Brazat ax) zi0x) =
Q2+ 1 21) + Bzt x) zia(x =
(X, 2)+ (Y. Z =
2Thus, (,) is an inner product on R

:4.3As an application to Example

). Find (X, 2), (X, X), (X + ¥ 4,3),Z= (3,-0), Y = (1,2Let X = (
(Z
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4.4Remark
,det L= R7and (,): R"X R?” - F{3As a generalization of Example

where 3 X, YW+ ...+ xa¥m o+ x) yis defined as (XRF) = x

, . ¥n). Then, (R%,(,)) is an inner product 1, ..., xn), ¥ = (N X = (x
space

.check!). The space (R?,(,)) is called usual inner space)

4.5Example

., which of the following is an inner product on L2Let L= R

CHW)yt x nix3) (X, Y) =)

i) (X, Y)= x)2 + 1)}
y

(2:)’1): Y= (J’Z.X|Where X = (X

Solution: (i) We check the L.P.S axioms
11) The first three axioms of the definition of inner product hold but the )

forth condition does not satisfy
). Then2,2),Z=(-0,1), Y= (-l,-land let X = (1 If 2= f=
4= 2)1+ (-1)A-09) = 2,2),(-1, 02X + BY. Z) = (()
(2,2, (=0, 1)) + A(=2.2), (-1, =land (X, 2) + K Y, Z) = ((
12702.2+ 2241-)+ 22(1-) + 22-).1' =
{a(X,Z)+ B(Y,ZThus, (e X + pY, Z) #

4.6Example
Let L = F" be a linear space and let ( ,) : F?” X F" = F defined as

)3
(X,9) " Tjeudatsenxn), Y= (X, Y € F? where X = (xVx;y

T2 7 7
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Show that (,) is an inner product on F?
:Solution
z 2 2
(X, X) (1) l,f-i'XX 12 0x] > |

2 2
=2

Q) = 0, weryenXa) = 0 X = (x D&
(X7 Q) 3‘ Pziayt Momis (VX

Let a,ﬁe Fandlet X,Y,Z € F" (4)
e @Xnt 1+ f1aX + BY = (ax

3 (Bynx 3
(aX+BY,2) | ax+Pyiz=) | xizi P
= a

{KY.Z

.Thus, (,) is an inner product on F?

:4.6As an application to Example

> 2
(Let L2 C and(X,Y = )Yy,xiwhere X = (x2 X, Y € CVxiyy .

(+11,2-0,Z= (1+ 51+ 0, Y= (153+ 2). £ X = (1)
(Find (X, X),(X + L,2)(X,Y + Z
(+ i1+ (1 ) + 3+ 21)(3+ 2 Solution: (X, X) = (
(=il+ (1 D+ (3-2H3+2)=
5=(1+1)+ O+ 4)=

244+ 3X + Y= (
6+ 8=i)= 1Q20)+ 8+ 6+ T=(1 2+ 204+ 3X + ¥ 2) = ()

=(X,Y+ 2)




.4.7Example
-] be a linear spaj:e over R, and let (, ): LX L - Risdel,0Let L= (]
1

f(x)g(x) dx, Prove that (, )isan inner product on Lfined by (£, g) =
0

I I
= () (£, f1Solution: ( Olf(x)] dx> f(x)f(x) dx=
0 0

I
> 0f,f)= ) (2) [LOVx€[0 = 2= [f()0 dx=2f(x)]]
0

0] &> f=1L,OVx €0 f(x)= =&

Let e, f€R and f,ghe (3)
L

I
(af + Pg)(x)h(x) dxaf + fg, h) =)
0

I
af (x) + Bg(x) h(x) dx)=
0

I I
a= f(x) h(x) dx + 2(x) h(x)
0 B 0 dx

(e{f,h) + flg h=

[ I
=(f,8 4 . f(x)&x) dx 0 &x)f(x) dx= (g,1(°




:4.7As an app

] 1,0x € [V2x + 3h(x) = 2g(x) = x,1Let f(x) = x+
(& ), (f —g h—Gf + 2Find (£, F),(f + g h),{f,h),(

4.8Example

Let X = Rand (, ) : R X R - R such that (x,y) =
|[xy

(.X,(, )) LP.S? (H.W)




Some F pes er Product pace4.2

4.9Theorem
Let (L,(, )) be an inner product space (I.P.S). Then, Vx,5,z€ L
0x,x) = 0x) = (0x,) (1)
(%, ay+ pz) = olx, y) + P(x,2) (2)
(x, x0x + 0x, x) = (0) {1Proof. (
(X, x0x, x) + (0) =

(x,x0x, x) + (0= (0 x, x) + OHence, (
(I) Now, x, x)0= (0 Thus,

(XOX, X) = (X’ q
(XOX, ) = 0

(XOX, ) = 0

(x,0y+ pz) = (ay+ pz,x) (2)

(a{p )+ Hz,x =

(@(yx)+ B(z,x=

(a{x )+ fixz=

.4.10Corollary
If (L,(, ))isan LP.S. Then

2 2
() L FEX.Y i @ XyY,..Xn Y€ Liwhere x

. 2 )
i) X W4 FiBy L %YBi ,..ya€ Liwhere x,y




n

(i) ook e gL Py

s ees Ym € Ly, ..., X, y1Where x

.Proof. (i) We proof using induction
((by definition of norm, y)1{x1, ¥) = ayxithen (el If n =
(by definition of , ¥)2(x2, ¥} + a1(x1,¥) = @xo+ o) xithen (2 If n =

(norm

Suppose (1) hold when n= k&

% z

1= FEX,Y i X0 @D

1To prove (1) hold when n= k+

2 2
Top Y™ zax,y ' x oy

li= li=
2z 1k+ 2 k
FOX,Y li= 2 V1 Xkt 1 QiXjt Qky

li=
2
= lie ‘NXk$1QiXiy Y + Qi+

2
= i Xkl QXY + Ok

2
- 1k+ X,y

li=
.(i1) The proof is similar to the proof of (i)

2
= iii) Let 2) | j'_'__' Biyj
> o m 28
= Pygixi QiXi, Z
1 1j= li=
ZII
= X, za ((by part (i)
1i=
2 xn
= sxg By
li= 1j=




a;  x,¥Bi  ((by part (ii)

.4.11Theorem
(,wy, w) = (viLet (L,(, )) is an LP.S. such that (v Thenw € LV

.x0= 1 w€ L then W0, w) = 1. Also, if (m= » v

Ywe L0, w) = 5, w) —(vn, w) = (v,— v Proof. By assumption, (v

= == W= y-n== W)= -1, n-n,then (n-nPut w= v

=1=> W )=, nYweL == (v,0,w)= Now, (¥

. General Cauchy Schwarz’s Inequality4.12Theorem
= ))is an LP.S. and let Il : L - R is defined by lxlLet (L,( ,

q
,JXEL, ThenV x,x

xy <lxlllyl - x,y€eV
L

< lIxll0, and hence {(x, y) = Othen {(x, y) = 0 or y = 0 Proof. If x =
Iyl
M) put z=5000 5 /=

¥
i - =
Ilyzll iy

—— 1A =

B ||y|_|2 7 ||2

Next, it is enough to show that « x,z + < llxll
(IxIl then from (I 2x, zbecause if

& L
= . >
X =2 = i Ixll >x, y

2k xl
Iyl

OLet @ € F then (x —ez,x—az 2




0x,x™—a z,x =a x,z + aa 2,z 2

2 2
0< Tl a z,x + ea-lxl —a x,2z
(om( L
0- x,z x,z + x,2{x,z2 —@ X,Z —Q 2,X + aa > Flxl

0+ x,2 X,z —d —a 2 X —a))zz—-x,z-zllxll
0+ x,z x,z —-a —a X,z —a))'Z‘sz,z 21|
0+ x2z —a Xz =a 2*— x,z 2lxl
(VeeF (IO 2%+ x2z —a?- x,2z 2lxl
Put a= x, 2z, then (III) becomes
lxlP=> - x,z:0 2= x,z 2xl

lxll >x, z

((using (DIxll >

y
TR

c— |l xll 2

1
Iyl
Ky <lxllpl -

:4.12As an application to Theorem

= X YandIsz= R l.” ssass s Xn)y & = (NXypforany X = (x

I=
467
.Apply Cauchy Schwarz inequality !

>
= X, xSloution:Wehave, IXf= , 2indlx = Y Y¥i=
) 3
ﬂyzi:z
Il > X, Y4.12From Theorem XIIYI; that
sn. . is
2Ky

'lh




.4.13Theorem

.Every inner product space is a normed space and hence a metric space
Proof. Let (L,(, )) is an L.P.S. and let the function Il I : L = R is defined
by

x€ L, Toprove I I'isa normon LVIxll =  x,x

q
xe€LVOxe L == lxl= x,x >V(0Since x,x = (1)

q
&= x=062 xx =0 & xx =0 lxlh= (2)
x0

Let @ € Fand x € L (3)
Ax12= ox,ax = aox,x = |o| laxl

Thus, laxll = [of 11

x, y € LVYT.P. llx+ yll < lixll + Iyl (4)
= x+ yx+ Plx+yl
XX + yX + LY+ Yy =
% oxy+ xy +Iylxl=
Re x,y + Iyl2+ 2lxll =
U7l + x,: 205k + >
Ifxll Iyl + I yll2||xlf + 2 (by Cauchy Schwarz)

2xl + Iyl)) =

.Thus, Ix+ yl < lxll+ Nyl




.4.14Theorem

Let ((, ))isan LP.S. and x, y € I Then

2 2 2
Iyl +Re x, 2lx+ yll ="lxl + (1)  (Polarization Identity)

2 2 2
lfyllZlelI +20x+ ¥l + lx=yl = (2) (Law of Parallelogram)

I = x {11(3)“ A =lx =y + il x+ iyl —illx —iyl?

2
x+ yx+ ) lx+ yl =1Proof. (
LX+ BX 4 XY+ Ry =
% xy + xy +Iylixl=

Re x,y + Iyl2+ 2lxll =

Qg2+ 20x12= 2+ lx =yI2T.P. lx+ ¥l (2)
(@) %Re x,y + Iyl2+ 2= lxlI?), Ix+ yl1By part (

= x-yx-ylx—yl
X — VX - Xy + yy-=
2_ _ 24l =
x,y — x,y + Iyl“lxl =

(@) iyl + Re x, p2lxl — =
2 2
il yi2 ||X|F + 2By summing up (I) and (IT) we get lx+ ¥l + llx =yl =

), we have2) and (1By parts ( (3)
YRex,y + 1200 —REx,y + U1 2lxs A Jx—y1 210 +




Re x,y2Re x,y + 2=
Ly + ¥y + LY + Ly =

M xn2ypx+ 2=

= x+ iy, x+ iy lx+ iyl

XX +IyXx +1Xxy + Yy =
% iypx —i Iyl lxll =
»x —ix,y + Iylclxl =

= x—iy,x —iy? lx =iyl

X —iyx =ixy + yy =

Iyl #Ixl =i y,x + i x y=>

,Hence we get

“2ix0? +iyx —ixy + Iy = 7 0x0? —ilx —iyl? illx + iyl
iyx +1ixy
2yl +
+ = ypx=ilxl2= yx + x,y + ilyl?ilxl =

2%,y —ilyl

}’,XZ Xy - 2 = (Il)
By (I) and (II), we have

Xy 2yx +2=2%—ilx—iyl? + ilx+ iyl —lx =yI2 lx+ yl
%Xx2 x,y =2+




X, y4 =2 —ilx =iyl + ilx + iyl —lx —yl? I x + yl
illx+ A2 —lx =%+ ilx+ iyl =il x, yxLiyl = O

.4.15Remark
Any normed linear space generated from inner product space must satisfies

4.14the three laws of Theorem

.4.16Example
Let L = ([a bl and let | £l = max{|f(x)| : x € [a b]}. Then the converse

... 1.e4.130f Theorem

Show that ( L, I Il) is a normed linear space (H.W.) (1)

(L 1s not generated by LI.P.S (i.e, L is not I.P.S)Show that2(

-} To show that L is not I.P.S, we shall show that parallelo2Solution: (

for © 12171 + 2/Zram law does not hold. ic., If + gl + If —gl

Jsome f,g€ Cla, b
X—a
bz [x € [a, BV = (and g(x1 Let f(x) =

[Note that £, g are continuous on [ 8). Thus, £, g€ ([a, b
land ligh = 1 1£1 =

f: 2=xefa,b]:

s gls o
+ 1+ gl = 5

e + lmax =,

—Imax = . l=fo,ﬁ:

T
—1If—gl = ;

g

S= 1+ 40F4 gl +If—gl =
4= 2124 21200 "= 20ff 4 2




g2 1 £ 2+ 2By (I) and (L), we get 1f+ gll + If—gll /=
4/=51.e.,

.4.17Example
Then the .2) € Ry, \VX = (x|2| + |xand let 1.XI = |x2 Let L = R

... 1.e4.13converse of Theorem
1) is a normed linear space (H.W.) 2Show that ( R(1)

(is not 1.P.S? is not generated by L.P.S (i.e, RZ R)Show that2(

) To show that L is not I.P.S, we shall show that parallelogram 2Solution: (
for2 1Y 12+ 21X12 /=2 + 1X — Y I? law does not hold. i.e., 1.X + Y

2some X, Y €R

(1,6) and ¥ = (=3,2Let X = (
SOUXT = 2= 5 =3[+ RIXI= |

08IVl = 2= 7 |= 1]+ |61 Y = |-

8= 4]+ [l = |4, 41X + Yl = (=
64X Yl =
10[= 2+ B = [2,81X — Y1l = I(

001X - Y1 =
=100+ 64= 2+ I1X —YI*Thus, 1X + YI

148= 98 + 50= 21 Y2+ 21X 12and 164
1Y2+ 2 1X012/=2+ 1.X —YI? Hence, | X + Y

d.e., Il does not satisfy paralleogram law?l




4.18Example
. Then?) € Ry, x)¥(x|}o, |x12nd let 1 XN = max{|x2 Let L= R

, I is a normed linear space (H.W.) 2Show that ( R(1)

(.generated by LP.S? (H.W2 R)Is2 (




.4.19Threm

Let (L,(, )) is an L.P.S. Then

If ( xp) = xand (yn) = ythen Xxp,¥n - (x,(1)
(y

is a Gaughyx , yIf ( x ) and (y ) are Cauchy gequences in L then(2)
.sequence in F
O Xnyo = X+ (Xa—x),y+ (o —ylProof (
XV + X Vn=YV + Xn=XY + Xp—=X, Yo=Y =
Xnyn = X,V = X, Vn—Y + Xn=XY + Xn—X,Yn—)
Xndn T XY= K VaTY F X=XVt Xa =X V)

X Y=Yt Kn=X Yt XKn=X, Yo=Y 2
By Mxl Ly, =yl + lx, —xW Iyl + lx, =xllly, =yl >
(Cauchy Schwarz

Oand Ny, =yl = 0 But (x,) = x and (ya) = ythen lx, —xIl -

. X, ¥, 2, X,y +and hence, ,0-x, y,x ,yHence,
forany n,m € Z (2)

X, Yo = (Xo—Xm)+ Xmy (Yo —Ym) + Ym

—Xnp—XmyYn—Vm + XmyVm + XmVn—VYm + Xn =

Xmy Ym
XnyYn — XmyYm = Xn—Xmy)Yn—Vm + XmyVon—VYm + Xm}YVn—YVm
*XmyVn — XmyYm = Xn—XmyYn—Ym + XmyVon—Vm + Xm,Vo—YVm *

“Xn=XmyYon—Vm +* Xmy Yo —Vm +* Xmy Vo —Ym * 2




BY)"X]) _Xm“ "yn _ym||+“Xm“ "yn —ym"'l'"Xn —Xm“ “ym" 2
(Cauchy Schwarz
- and Iy, —yml0 But (xs) and (¥a) are Cauchy sequences, then lx, —xull =

o0 = as n - o, Also, (x5) and (y¥a) are bounded sequences, then as 2 0
0Xm, Yo — Xm, Yol > *

4.20Corollary
Let (L,{, ))isan L.P.S. Then

If ( xp) = x then lx,ll = IxI(Y)

If ( xp) i1s a Cauchy sequences in L then lx,ll is a convergent se- ()

.quence in R

(4.19By Theorem )) Since (xz) = x then Xxa, Xa = X, x1Proof. (

o2
Hence, lxpll - leil . 1e., Ixgll = lxl

,(2(4.19S1ince (x5) 1s a Cauchy sequences in L, then by Theorem (2)

1% a Cauchy sequence in F. Since F = R or C then F is comx ,x
is a convergpn’t sequence in F. Thus, lxall is allx lplete. Thus,

convergent sequence in F a




| Hilbert Spa.3

.4.21Definition
Hilbert space 1s an L.P.S. (L, (, )) which 1s a Banach space with respect

fto llxll = (x,x

4.22Example
2
= (Consider the LP.S. (R, (, )) (or (C",(, )) such that (X, Y| x;y;

s s Yn) € R? (or C"). (see Example 1, ..., Xa), ¥ = (yywhere X = (x
(4.6

R7, (, 4 Ny
Show 1%t (R, (, )) for 67, )) j# Hilbert X

= (X, X)Solution: Since 1iF xx o it =
v
,{, R” (or C") is a Banach space w.r.t. 1.XI = (X, X3.2From Example

.and thus, (R7,(, )) (or (C",(, )) is a Hilbert space

4.23Example I
1

= (] with the inner product defined by (£, g1, 1The space C[— f(x) g(x)
- dx
.1s not a Hilbert space

Solution: et

W fn=Full = (Fn—Fms o —Fm

(We must find fnd) —}fm(x > Suppose n > m, then
m n




0

if ™ (n—m)x
= (Fa(x) —Fm(x

o if mx-1 },21{2#
o

: g lix<

I 1 ! .E
= I £, — £ = dxfy(x) —£a(%))  n-m) %)}
1_

dx* mx)




2n —m))
m2n3

= Thus, £y —Fal

Since n > m, then n= m+ ¢

2
s tz “—) =
Nfp—fnl Zmt D)3

.. Thus, (f3) 1s a Cauchy sequenceOHence, Il £ —fmll =

But f, = f where

0 if
(f(x
= 1" lx< >0

]. 1e., Thel,1]. Then, {fz) is not convergent in ([—1,1Thus, f &/(J—
.space 1s not Hilbert space

4.24Remark

Every Hilbert space 1s a Banach space but the converse is not true. For
example, the space ([a, & with I £l = max{|f(x)| : x € [a, b]} is a Banach
). However, ([a, B is not a Hilbert space since it 3.5space (see Example
does not satisfy parallelogram law; that is Il II can not be obtained from

.(4.16inner product (see Example
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-Orthogonality and Orthonormality in Inner Prod4.4

. orthogonal Elements4.25Definition

Let (L,(,)) be an LP.S and x, ¥ € L. Then x is said to be
orthogonal

.0on y (denoted by x L y) if and only if (x, y) =
4.26Example

is usual inner producty y2+ x1 yis L.P.S such that (X, ¥) = x* Let L= R
21,Z=(1,-2,Y=(3,6.LetX = () €ERp, 1), Y = (1, 11X = (a¥
Showthat X LZ, Y1 Zand YV /LX

.. Hence, X L Z0= 6 + 6)) = —2,1), (3, 6Solution: (X, Z) = ((-

=(¥.2)
= (YX)

.4.27Proposition
Let (L,(,)) bean L.P.S and x, y € L. Then

X L ythen y L xIf(i)

L x Vxe L. (HW.) o)

(.. (H.WoOx L x then x = (i1)if

), we have3(4.1From Definition .0) Let x L y then (x,¥) = 1Proof. (

- - . Le, ¥y L x0y x) = (x,) :I__)I

N O O S O O O

N\



28Proposition

,..»Xn € L such that x is orthogonal onLet (Z,(,)) be an I.P.S and x, x

v «oes Xnl, -+ Xn. Prove that x is orthogonal on any linear combination of x;x

, .. Xn. 1.€., there exists @; € FProof. Let w be a linear combination of x
p2
= such that w | 7.0a:x;. We must show (x, w) =

2 2
x,wy=) Jo=iliex L7 (((ii4.9(by Corollary aqx, x;)
l( X
= {00 (From the assumption)

0= a

4.29Example
= ), Y],-2Find the value of a that makes the vectors X = (a())

(wwith usual inner product. (H.W3 orthogonal vectors in R (2 §— 3)

1Let(L,(,))beanL.P.S over R and let x, ¥ € L suchthat llxll = llyll = (V)

.(l.e., x and y are normal elements). Prove that x+ y L x —y

+ (=(x, y* Answer: (x+ y, x =) = (%, ) ~(x, ) + (5 X) —(5 ) = Izl
2

.. Hence, x+ y L x —y0x, y) =iyl =)

Let (L,(,)) be an L.P.S and let x, ¥ € L such that x L y. Prove that (Y)
Axe g =1 Hg Zax-p

(= (x+ yp,x+ 9= (x, )+ (x, ) + (%) + (5, ¥* Answer: I x + yl

+ 2= 0xI2 4 UpI0+ 0+ 2 lxll =

24 Iyl = 1xN? Similarly, Ix = pl2 Iyl




Let (L,( ,)) be an L.P.S and lt x,y € L such that x L y. Prove (4)
that

Jx+ Ayl = llx = Ayl

(.Answer: (H.W

L ,..,x, € X such that xp, xjLet (L,{,)) be an LP.S and let x (5)
xj Vi/=j. Prove that | % %1 2 1 il

li=
., the statement is truelAnswer: We prove using induction. If n =
((3by part )%llg+ Ix2 = Ix? llg+ xp then llxy L x; . Since x2If a1 =

k _ k . ;_ .
= w X " =k
i g Suppose the statement 1§tru9 for 1k
... 1.el1To prove the statement is true when n= k+
2.3
.T.B ;i’+ I'-"X 2 “"]!ﬁ:
li=
"z "2 2 L 2 2 .
AL GNP TS SN [T S
2,
= 1k
2
=" 1& xl 2
. Orthogonal to Set4.30Definition

Let (L,{,)) bean LIPS, x € L, and A € Then, x is said to be

(by induction 2= B Ix +Ixss

X
.orthogonalon A (x L A) if x L 2 Va€ A
.4.31Example
{, a) : a€ ROwith usual product space and A = {(? Consider the space R

0.a= 0+ 2.0,4)=0),(0,2) L A because {(0,2Then (




A

. Orthogonal Sets4.32Definition
Let (L,{,)) be an L.P.S, and A, B € L. Then, A is said to be
orthogonal

Va€EAVbEBOB (AL B Talp,
4.33Example

{,a) : a € ROwith usual inner product and A = {(? Consider the space R

.): b€ R}. Show that A L BQOand B = {(b,

) € B, then0, a) € A and for each (b, 0Answer: for each (

.. Thus, A L B0.b= 0+ 0, H) = a.0),(0a,))

.4.34Proposition

{oLet (L,(,)) be an LP.S, and A, B € L such that A L B then ANB = {

Proof. Let xE ANB=> x€Aand xEB (I)
Va€ A,Vbe B. 0Since AL B> (a,b =

OFrom (I), (2,8 = (x,x) =

{0, then AN B = {0), x = 2(4.1Using Definition a

.4.35Definition
Let (L,{,)) be an I.P.S. and ¢ /= A € L. Then, the set

{Vae AA*={x€L:x1a

.1s called the orthogonal complement on A




,Let (L,{,)) be an L.P.S. and ¢ /= A, B € L. Then
{oLL = { (1)

(L. (HW = Yo} (2)

{0ANAL={(3)

AlAc A4

A C B then B! € AL, (H.W.) If(5)

LA C B! then B € A)If6(

{ovieL}={0)Lt={x€eL:xL L}={x€L:(x,])=1Proof (
(Letxe ANAL > xe Adand x€ AL(T)

(ID) Since x € AL thenx L A
, thus x = OFrom (I) and (II), x L x. i.e., {(x, x) =

{0. Then, ANAL= {0

.To prove A € A4L, Let x € A (E)

For any y€ At = y 1 A. Inparticular, yL x (x € A)

ALvye AL, Thus, x € A), x L y1(4.27From Proposition
), BL1L € AL, 5Let A € BL, then from part ( (6)

), B € Bt € AL, Then, B < 4Now, from part (

LA




A € L. Then, AL is a closed subspaceLet (L,(,)) be an I.P.S. and ¢ 5
of L

.) To prove A* is a subspace of L1Proof. (
letx,y€ At and o, fJEF. T.P. ax+ By€e A

.Vae AQT.P. (ax+ By, a) =
(I) OSince x,y € AL = (x,a)= (5, b) =

0= 0+ B0 ax+ By, a) = alx, a) + By, a) =[@rpm (/]
.Thus, At is a subspace of L

T.P. AL isa closed set (i.e., A* € AL and AL € (2)
LA

((T It is clear that A+ € AL

T.P. AL € AL, Let x € AL then 3(xa) € AL such that (x5) -
X
Since (x,) EA Va€Ane N=>x, L A= x, 1 aVv

Va€ AQxp, a)= )=

A), (xn,a) > (x,al(4.19But (xp) > xand a— a Thus,irom‘Theorem
L 0=
Va€ A. Then, x € AL, Thus, AL S0 x,a=) .II)
14

.From (I) and (IT), AL is a closed set
O

. Orthonormal Set4.38Definition

Let (L,{,)) be an L.P.S. and A € L. Then, A is called orthonormal
set

if
.x /= yA is said to be orthogonal if x L y Vx,y€ A, (')

Vxl = lxll = 2 Each element x € A is a normal elemént. Le., {x, x) (V)




: .4.39Rek

dl0€/A) because 10 Orthonarmal set has no zero element (is not 0) 1/

.(normal element

4.40Example
2{(1,2,-2),(2,-1,2),(2,2, 1with usual inner product and A = {*LetL= R

.L. Show that A is orthogonal but not orthonormal
Solution: T.P. A is orthogonal set (H.W.).

,.10 show not every vector in A is normal. 1.e

M R,2,I(=21=/9=4+4+1={221)42241)) =2)II2,2,1|I(

.Thus, A is not orthonormal

.4.41Theorem

,...» Xn be orthonormal vectors in L. TheniLet L be an L.P.S. and x

x,x) &) keLvxl
li= [

4.42Example
1

A X =m0, =2,2,1§-an§ﬂx - 3LetL%Rg.(l 2~

). Then3,1,2Let X = (

(6n s 28,5 = 201

(67 42X ) = 001

2
624,300 = B0l 2

251100
I( X, X)) 9.%3- ¥4




14= 9+ 1+ 4= (X, X) = % on the other hand, I.XI
23 2
X, X)| = I,4.41As in Theofem X

I li=
(.. (H.W4.41) and apply Theorem 1,1, 1Take X = (

4.43Theorem

Let (L,{,)) be an LP.S. Let (x5) be an orthonormal sequence in L and
A ) be a sequence in F such that) le_ FA| <+, Lep yI 2 AiXi

.Then, (ya) is a Cauchy sequence

2 2
=Proof Lty 7 = yhxii ™Aixi Assume that z < m then

li=
li=

.0m = n+ k for some k € N. We must prove Ily,,, -yl -

2 2 1 2
3 BV T a4x 1;f=i/1X 1,. niX je=idx 1,-:’,‘,f.ﬂvixz'

N 5
Ayt et gt

2

n+k z n+k77
= lim A i ae AKX

2
= MR Ak xi

li=z n+

2 2, 2
=Mk 00X

1i= n+

ek ol i =)

li= n+

) 044 fz,-g,,l (convergentA f

0+

2
.Owhich means lym —yall > 0 = Thus, lym —yal Hence, (¥a) is a

.Cauchy sequence a




«alba d94l0
aladgll duyill aile,
doilll dlaysll - aluohll amd
YeYY =YY,

e la g y=slo
sl Julsill
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