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Introduction:

Fourier series introduced in 1807 by Jean-Baptiste
Joseph Fourier (1768-1830) (after work by Euler and Daniel
Bernoulli) was one of the most important developments in
applied mathematics. It is very useful in the study of heat
conduction, mechanics, concentrations of chewicals aYd
pollutaYts, electrostatics, acoustics areas heard of such as
computing and CAT scan(Computer Assisted Tomography).
Fourier series is an infinite series representation of periodic
function in terms of the trigonometric sine and cosine
functions. Fourier series is very powerful method to solve
ordinary and partial differential equations particularly with
periodic functions appearing as non While Tal.Jlor’s series
edzpaYsioY is lalid for functions are continuous and
differentiable, Fourier series is possible not only for
continuous functions but for periodic functions, functions
discontinuous in their values and derivatives. Further,
because of the periodic nature, Fourier series constructed for

one period is valid for all values.

Fourier series, in mathematics, an infinite series used to
solve special types of differential equations. It consists of an
infinite sum of sines and cosines, and because it is periodic
(i.e., its values repeat over fixed intervals), it is a useful tool

in analyzing periodic functions.



A Fourier series can be defined as an expansion of a
periodic function f(x) in terms of an infinite sum of sine
functions and cosine functions. The fourier Series makes use
of the orthogonality relationships of the sine functions and

cosine functions.

The Fourier Transform is a tool that breaks a waveform
(a function or signal) into an alternate representation,
characterized by sine and cosines. The Fourier Transform
shows that any waveform can be re-written as the sum of

sinusoidal functions.

Fourier series is just a means to represent a periodic
signal as an infinite sum of sine wave components. A
periodic signal is just a signal that repeats its pattern at some
period. The primary reason that we use Fourier series is that
we can better analyze a signal in another domain rather in the

original domain.

What is the function of a Fourier series?

A Fourier series is a way of representing a periodic
function as a (possibly infinite) sum of sine and cosine
functions. It is analogous to a Taylor series, which represents
functions as possibly infinite sums of monomial terms. For
functions that are not periodic, the Fourier series is replaced

by the Fourier transform.



Fourier series make wuse of the orthogonality
relationships of the sine and cosine functions. The
computation and study of Fourier series is known as
harmonic analysis and is extremely useful as a way to break
up an arbitrary periodic function into a set of simple terms
that can be plugged in, solved individually,...

A Fourier series is a way to represent complex waves,
such as sound, as a series of simple sine waves. The series
breaks down a wave into a sum of sines and cosines. This
means that elements of a wave can be isolated from each

other.



Chapter One

Fourier Series
1.1 Fourier Series

A non-sinusoidal periodic function into a fundamental
and its harmonies. A series of sines and cosines of an angle

and its multiples of the form.

Qo
> + aycos x + a,cos 2x + azcos 3x + ---+ a,cos nx + -+

+bysin x + b,sin 2x + bzsin 3x + ---+ b, sinnx + --
% + Yn—1apcosnx + Y,—1 by sinnx

Is called the Fourier Series, where
a,,a,,..,a,, .. by, by, b, ...b, are contrasts

1.2 Properties of Fourier series

The following integrals are useful Fourier series

2n 2w
(1)j sinnxdx =0 (2) f cosnxdx =0
0 0
2n 2w
(3)j sinnxdx=m (4) f cos’nxdx=mw
0 0
2n 2n
(5) f sinnxsinmxdx =0 (6) f cosnxcosmxdx =0
0 0
2n 2n
(7) f sinnxcosmxdx =0 (8) f sinnxcosnxdx =0
0 0

9 f uvdx =uvy —u'vy +u''vyg —u'"vy + -

4



du
where v, = fvcix,vz = fvldx and soonu’ = a,u"
d’u _
=z and soonand (x)sinnm = (-1)" wheren € 1

1.3 Determination of Fourier coefficients (Euler's

Formulae)
Ao
f(x) = > + aqcos x + aycos 2x + -+ a,cos nx + -+

()To find a,: Intergrate both sides of (1) fromx =0tox =27

i ag r2m 2 20T
fo f(x)dx = 7"[0 dx + a4 fo cosxdx + a, fo cos2xdx + - +
a, fﬂzn cosnxdx + -+ bq foznsin xdx + b, foznsinde F ot

2,
bnfonsmnx dx + -

a, 2n
=5 dx,(other integrals = 0
0

by formula (i)and (ii)of Art.1.2)

2 a, 1 2T
f(x)dx = — 21, — a9 =— f(x)dx
0 2 LU

(i) To find aqy: Multiply each side of (1) by cos nx and

integrate fromx =0tox =2m

foznf(x) cos nx dx = % foznf(x) cosnxdx + a, foznf(x) cos x cos nx dx +

o+ a, foznf(x) cos *nx

2n 2
blf sinxcosnxdx+---+b2f f(x)sin2x cosnxdx + -
0 0



a, foznf(x) cos *nx dx = a,,;w (Other integrals = 0)

1 2
a, =— f(x) cos nx dx

T Jo
By takingn=1,2 ... we can find the values of a, ,a, ...
(iti) To find b,: Multiply each side of (1) by sin nx and
integrate fromx=0tox =2m

2 . 2, 2 .
Jg T f(x) sinnx dx = %fonsmnx dx+ay [, cosx sinnxdx +

2 . 2m :
e anfoncosx sinnxdx + -+ by fonsmxsmnx dx+ -+

b, foznf(x) sin’nx dx + -
= by, [" f(x) sin ?nx dx

= b,
21

b,=—1] f()sinnxdx
T Jo

Note: To get similar formula a, % has been written with

a, in Fourier series.



Example 1.1.1: Find the Fourier series representing
f(x) = x, 0<x<2m

and sketch its graph fromx = —4mtox = 4m
Solution. Let

f(x) = % +aycosx +a; cos2x + - ...+ by sinx + b, sin 2x

Fo (D)

1 2m 1 2n 1 xZ
ap = — f(x)dxz;j xdx=;—
0 0

2m
a, = &— f(x)cosnxdx = —j xcos nxdx
T Jo T Jo

21

_ l[xsinnx _1. (_ Cosnx)]Zn _ l[CQSZnn . L] _ #(1 ~1)=0

T n nz /1 nl n? n?

1 2 1 2w
b, = Ejo f(x)sinnxdx = ;Jo xsin nxdx

1 cosnx —sinnx\1*® 1[-2mcos2nm 2
R - (S
s 0

n n? T n n

Example 1.1.2: Given that f(x) =x+x% for —t<x<

mt, find the Fourier expression of f(x)
n? 1 1 1
Deduce that— =1+ + 5+ 3
Solution. Let
ay

x + x? =7+a1cosx+a2c052x+---+blsinx+bzsin2x+--- (1.1)



1 (™ 1 (T
=— f(x)dxz—f (x + x*)dx
= =
_2!x3]”_2[n3]_2n’2
|3 o T 3 3
=—f f(x)cosnxdxz—j (x+x2)cosnxdx=—f x2 cos nx dx
T - T - T 0

2 [_2 (sinnx) (—cosnx) sinnx\1™
= 2|2 2 S 4 (2) (- )L

-2 () 2 ()] -

n3 n?
1 : 1 2
b, = ;f_”n f(x)sin nxdx = ;fn (x + x*)cos nxdx = ;fon x2cos nxdx

2

T . . . .
= —fﬂ x sinnxdx (x* sinnxis an odd function)
T

%[(x) ( cosnx) . (1) ( smnx)] [ ( )cos nx smmr]

n3

2 m 2 2 .
= —[——cos nn] = —E(—l)" = E(—l)’”r

[ n

Substituting the values of ay, a,,, b,, in (1) we get

2
x + x?% =%+4[—cosx+2i2c032x—312c053x+---] +

2 [sinx —%sian +§sin 3x — ] -.(1.2)

Put x = 7 in (2),

2
mtm? =T 4|1t



o _ 2 _m 1,11,
Put x = —min (2),—w+m? =T + 4|1+ + o+ o+ |

Adding (3) and (4)

2 _ 2m? [ 1,1 1 ]
2m2 =4+ 8|1+ + 7+ +

4m? 1 1 1
—=8[1+2—2+3—2+E+"']

2 1 1 1 1
T ltgtatat =g



Chapter Two
2.1 Function Defined Two or more Sub-Ranges

Example 2.1.1: Find the Fourier series of the function

g T
—1 for —1t<x<—§
< 0 f 1r< <1t
xX) = ——<x< =
fx) or  —o<x<z
T
k-l—l for E<x<1t

Solution.  Let f(x) = % + a,cosx + a,cos2x + - +

b,sinx + b,sin2x + -

1 (™ 1 -m/2 1 /2 1 (™
a, = Ej f(x)dx = ;j (—1)dx+;j de+—J 1dx

-1t/2 n /2

1 —> 1
e R
— x 0

- | ]—n Tl' %

+1
a, =— f(x)cos nxdx
4 -1
/2 /2

= —j (—1)cosnxdx + —j (0)cos nxdx

T)_, TTJ _n/2

1 T
+ —j (1)cosnxdx
n /2

T

- NI
1[sinnx]"2 | 1 [sinnx]™ 1 SIn—=  sinnm 1 |sinnm
o e R ]z___[_ + ]+‘[ -

w w n n w n

Sll’l—
] =0

n

= &= f f(x)sinnxdx
= % J_F (=D)sinnxdx + if_ig (0) sin nxdx

10



1 w

+—f (1) sinnxdx
njr
2

L | 1
—q E | |
X't T T - - X
[ O E T
| I
-1
v
‘COS nx]—”/ 2 1 [cos nx]7r
=TT _—
n - n n /2

[ nm 1 nm 2 nm
= —|COS— — COS nn] - (COS nm — CoS —) = — [COS— — COS nn]
! 2 nm 2 nm 2

Putting the values of ag, a, b, in (1) we get f(x) =

i[ZSinx — 2sin2x + gsin 3x + ] AnS.

Example 2.1.2. Find the Fourier series for the periodic

function
00 Tw<x<0
f(x)_[x, O<x<m
fx +2m) = f(x)
Solution
Let
f(x) = % + a,cosx + agcos 2x + -+ v sinx + b,sin2x + --- ...(1)

11



aO=1f_0n0.dx+if;xdx:1[ﬁ]:=1(”—2)=E

y(4 mwlL2 mw\2

1,7 1 sin nx cosnx\1® 1 fcosnm\®
an—;foxcosnxdx—;[x- - —(1)(— ~ )] ——( )

1(-D)" 1 2 _
= ; nz — nzl = —m when n is odd

= 0, when n is even

b, = %f:xsin nxdx = %[x (— C°S"x) - (D) (_ Sinnx)]” _

n nz /1

t[ome] o

Substituting the values of ay, aqa; ... by, b, ... in (1), we get

(4 2
f(x)_z_;[ﬂ Tz T 52

coSX cos3x cos5x sinx sin2x sin3x
]+[1 Tz T3 +]

2.2 Discontinuous Functions

At a point of discontinuity, Fourier series gives the value of

f(x) as the arithmetic mean of left and right limits.

At the point of discontinuity, x = ¢

Atx =c f(x) =

N =

[f(c = 0) + f(c+0)]

12



Example 2.2.1.

Find the Fourier series for f(x), if
f(x) = [x, 0<x<u Deduce that
, 1 1 1 12
Dedice that F-I_?-I_?-l_"' iy
Solution. Let

a
flx) = 70 + a;cos x + a,cos2x + -+ a,cosnx + -+

+b,sinx + b, sin2x + ---+ b, sinnx + --- . (2.1)

1 =
ao = — [T f(x)dx

Then

o = 2[ me s [ x] = [ -meoe+ (3)]] =

A

1 [
a, = - j f(x)cosnxdx
-7

L 0 - 1 sinnx 0
A =~ [f_n (-m)cosnxdx + [ xcos nxdx] =— [—ﬂ( n )_n t
(xsinnx n cosznx)”]
n n 0
1

1 1 1 1
=;[0+ﬁcosnn—ﬁ] = — (cosnm — 1) =E[(—1)"— 1] =

-2 .
—— when n is odd
n°m

1 T
b, = —j f(x)sinnxdx
T [ 4

13



1[0 . T . 1| /mcosnx 0
b, = - [f_n (—m)sinnxdx + [; xsin nxdx] == [( - )_n +
(_x cos nx n sin;tx)"]

n n? /o

1
— E (1 - cosnm) — %COSMI] =—(1—2cosnm) =

S(1-2(-1)"

b, = % when n is odd

-1
= — when n is even
n

cos 3x cos 5x sin2x

f(x)__z_z(cos + n = _|_...)+3sinx— +
381;1376_5“147‘4_... . (2.2)

Putting

x = 0in (2), we get

fO) =—F-Z(1+g+g+ ) ..23)

Now f(x) is discontinuous at x = 0.

But £(0 —0) = —m and f(0 + 0) = 0

1
0 =—[fO0-0)+f(0+0)] =3

n @« 2171 1 1
from@3), 5 =—3 Tz et

orE = = — 4 .. Proved

14



X

Example 2.1.2:

Find the Fourier series expansion of the periodic function

of period 2m-, defined by

f <x< i
B X i > X >
f(x) = 3
-1 if=—<x<—
T i > X >
Solution:
Let

f(x) = % + a;cosx + a,cos2x + ---+ bysinx + b,sin 2x + -

Now

1 131t

a, = ;f_n/zxcos nxdx + Efn/z (m — x)cos nxdx

11 sinnx cos nx\1™/? sinnx cosnx\12
T

1
n n? )]_n/2+;[(n—x) n _(_1)(_ nz

/2

15



_l Esm > +cos > _Esm > _cos >
|2 n n? 2 n n?
1 sin 3 sin cosnn
y(4 (4
Il 2 n 22 _n 2 n 22
w| 2 n n 2 n n
1 (4 ( 3n1r+ nn> 1 ( 3nm mt>]
= — sin——+sin— | ——|{cos—— — cos—
ml 2n 2 2 n? 2 2
1| =« nec 2 . nmw
= —|——sinnmcos— + —sin—sinnn| =0
nl n 2 n? 2

3n

i~
D)
|

2
3n

= fn/Z (m — x)sin nxdx

_ %[x (_ cosnx) . (1) ( smnx)]::/2 +%[(Tl’ . .X') (_ coinx) .

3n

( 1)( smnx)];/z

1 ,m/2 . 1,5 . _ 2 m/2_ .
—;f_n/zxsmnxdx+;fz (1t—x)smnxdx—;f0 xsinnxdx +

3nm nm nm

2
/1

2

nm . .
- cos— sm— b cosT sin—-  gcos-- sino-
n2 2 n n2

cosﬂ 35inE cos 3E sin—
1 m €055 n 2 4 n 2 2
2 n n2 2 n n?

1|nm 3nm nm 3 . nm 1 . 3nm
==[==|C0S—— —COS— ) + 5 SsIn— — < Ssin——
T l2n 2 2 n 2 n 2
1 T . nmw . 3 . nm 1 . 3nm
=—|—=sIn—SINNT + —sIn— — = SIN——| =
ml n 2 n 2 n 2

nmw 3nm
—_ 351n— — sin ]
2 2

16



Substituting the values of ay, a4, a, ... b4, b, .... we get

smx sm3x sin 5x
CHi s s

Example 2.1.3:

Find the Fourier series of the function defined as

X+1 for 0<x<m
fo ={*

_x—m  —m<x<o®dSCx+2m)=f(x).

Solution.

1 ., 1 1 »n
ag=—[ " f@dx = —[° f)dx - — [ f(x)dx

1,0 1,7 1 2 0
=—[ (—x—mdx+—] (x+1t)dx=;(—x?—1tx)_n+

5]
() 2 ) a1 )=

1 T 1 0 1 3
a, = ;f_nf(x)cos nxdx = ;f_”f(x)cos nxdx + ;fo f(x)cosnxdx

1
= ;f_on (—x — m)cos nxdx + ;f:(x + m)cos nxdx

sinnx

_1 [(—x - 1) {_ cos nx}]o

—X

sinnx . {_cosnx}]”

—[(x+1t)

n2

17



1)* ) R | 2
( )] n—u—— = S [(D7—1]

nl n2

a, = -, If nis odd
and a,, = 0 if nis even.
by =-J" f(x)sinnxdx = [ ° fF(x)sinnxdx + ~ o F()sinnxdx
= —f_on (—x — m)sin nxdx + lf:(x + m)sin nxdx
T w
[( X — Tl')( cosnx) . (_1)( smnx)] 41 [(x n 11')( coinx) .

(1)( smnx)]0
[ ]+ [‘_( D"+ ] = [() - 2(-D)" + (1] =
[1-(-D"]

SN

=2 ifnisodd.
n

=0, ifniseven.

Fourier series is

a
f(x) = 70 + a,cosx + a,cos 2x + -+ bysin x + b,sin 2x

m 4(cosx+cos3x+ )
Jx) =771 32
+4<sinx+sin3x+ )
1 3

18



Chapter Three
3.1 Even Function

A function f (x) is said to be even (or symmetric) function
if,
f(=x)=1(x)

The graph of such a function is symmetric with respect to

y-axis [f(x) axis]. Here y-axis is a
mirror for the reflection of the curve.

tix) & fix)
/TN 1
."'Ir \
/ \ l l
< : : X - ; : —> X

/ 1 0
!

-\ [ 9 \ . . . .
VALV

The area under such a curve from —m to i is double the

areafromOto.

(b) Odd Function flx) & F(x)
/N N\

-l

s) \ 7 0 X

\_/ \/

Y

A function f(x) is called odd (or skew symmetric) function
if

f(=x)=—f(x%)

Here the area under the curve from —m to T is zero.

19



f_ﬂ f(x)dx =0

Expansion of an even function:

1 (" 2 (*
a0=Ef_ f(x)dx=;J0 f(x)dx

1 (" 2 ("
a, = ;j f(x)cosnxdx = ;f f(x)cosnxdx
- 0

As f(x) and cosnx are both -even functions.

=~ The product of f(x) - cos nx is also an even function.
1 T
b, = —j f(x)sinnxdx =0
n [

As sin nx is an odd function so f(x) - sinnx is also an odd
function. We need not to calculate b,,. It saves our labour a
lot.

The series of the even function will contain only cosine

terms.

Expansion of an odd function :

1 T
ao =;f_ f(x)dx =0

1 w
a, = - j f(x)cosnxdx = 0 [f(x) - cos nx is odd function.]
[

1" 2 ("
b, = —j f(x)sinnxdx = —f f(x)sinnxdx
w)_, ),

20



[f(X). sin nx is even function.]

The series of the odd function will contain only sine terms.

p (L)

[~

~

xI
2

The function shown below is neither odd nor even so it

contains both sine and cosine terms
Example 8

Find the Fourier series expansion of the periodic function of

period 2
f)=x*-m<x<m
Hence, find the sum of the series 1—12 — 212 + 312 - 412 + .-

Solution.

This is an even function. .. b, =0

2

2 (™ 2 (7"
ay = ;j f(x)dx = Ef x2dx = -
0 0

2 (™" 2 (™"
a,=—| f(x)cosnxdx=—| x?cosnxdx
"omly TJo

-2 () - oo (-5 oo (25

n
21



2 [m?sinnm  2mcosnm  2sinnm|  4(—-1)"
T n n? n3 n?
f(=)

I' ."I'-. .-':'-. ":

1 F o AN [

NN VA A

1 1 1

1 [ ] [

—3m |

[}
H
S

\‘\H 1 \\ ,/ i \\H ,/
s

Fourier series is

f(x) = % + a;cos x + a,cos 2x + ascos3x + -+ +

a,cosnx + ---
4 cosx cos2x cos3x cos4dx
xt=——4 — + —
3 12 22 33 42

On putting x = 0, we have

0=——4|———=+=—5——..

T2 1 1 1 1]
3 12 22 32 42

22



Example 3.1.1:
Obtain a Fourier expression for

f(x)=x3 for —m<x<m.
Solution. f(x) = x3 is an odd function.

~apg=0anda,=0

4

2 (" : 2 3.«
b, = —j f(x)sinnxdx = —f x’sin nxdx
Ty L)

_ . . T
_ E x3 (cos nx) . 3x2 (_ smznx) 1 6x (cos:x) _6 (sm;lx)]
Tl n n n n 0

_2[_ 1r3cosn1r+ 61tcosn1t] —2.(-1)" [_n_z_l_%]
ml n o n

n n3

2 2
3 =2 (= i) - (_"_ i) in2x —
X —2[ ( +3)sinx + > T 53)sin2x

|
w|d,
+
Dl o

)sin3x...|

23
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s b caandl o 8 g a8 Jles Al Jas (Fourier  Series)
S Y Alen s esaliy s L anal 8 (385 (all Jals (g saiagall
b a6 Adgs e elealbdl Y angl uly o dadly cual
6 )ia drs o8] K055 cCanall gl aSingliag aSie )8 s oy Caadl)

J3a U Glaa A A deally caSilae) Sl Jly o) sayig

24



References:

1. M. Adams and V. Guillemin, Measure Theory and
Probability, Birkhauser, Boston, 1996.

2. L. Anhlfors, Compler Analysis. McGraw-Hill, New York,
1966.

3. V. I. Arnold and A. Avez, Ergodic Problems of Classical
Mechanics, Addison Wesley, Redwood City, Ca. 1989.

4. K. Chandrasekharan. Introduction to analytic

number theory, Springer Verlag, Berlin, 1968.

5. R. Courant and F. John, Introduction to Calculus and

Analysis, Springer Verlag, New York, 1999.

6. J. Mardsen, Elementary Classical Analysis, Freeman,
New York, 1974.

7. M. Spivak, Calculus, Publish or Perish, 1994.

8. A. van der Poorten. A proof that Euler missed.. Apéry's
proof of the irrationality of S(3), Math. Intelligencer 1
(1978/79), 195-203.

25



