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“Random variables and Probability Distribution”

Def.: A random variable X is a function that mapps all elements s € S

(all eventin £ )toa read numbers (Rx) denoted by R. h
/‘\/‘"‘\ /\

HH 2

TH

Ex 1.: Toss a coin twice.

Let X = number of H show that X is a R. V.
S={HH, HT, TH, TT}
x(HH)=2,x(HT)=1,x(TH) =1, x(TT) =0
Rx={x;x=0, 1,2} countable S ks Rx
Note: We shall use X to denoted of R. V.X a,nd-x to denote of value of
R.V.X,x e X:0, 1, 2 (inex. “I™).

Ex2.: Choose a point from interval (0, 1).

Let X be the chosen point, to show X isa R. V.

S consist all poihtin 0, 1)

. S has infinite number of points

The points in S are mapped to a real numbers,
then X isaR. V.

Rx={x:0=x %<1} uncountable.

Def.: A random variable X is a say to be discret r. v. if Rx is countable.

té] T3

See ex. above, denoted by d. r. v.

Def.: A random variable x is say to be continuous r. v. if Rx is
uncountable denoted by c.r.v.

See ex, “2” above.

Ex.3: Toss a coin until first H appears.

Let x: number of tosses. show that x 1s d.r.v.

RN
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Sol.:
Y x=3

X:

!
H
<T <IFT1

xe X:1,2,3,4, ...
. Rx = {x; x € N} countable

P Eimdrv

Def.: Probability Mass function (P. M. ).

T - 2 X
e bR P :"'\_.;?_.M-‘_Q./\‘ L% b7

Let X be a d.r.v. (3¢ St it Y I -

A function f isap.m.f of X if f(x)= p(X = X), and satisfy the following

L%
A,

conditions: =

1.fix) 20, Vx € X L lD f(x)=1]
e

e | 1
S SN o0 Ep ) - e }f i a,
il S Rt s R A At Y A— — -

Note: 1. condition (1) shows the graph of f(x) above of the x — axis.

2. Also, if Ac SthenP(x ep)= S f(x)=1

- r 4 E
XeA T PR
¢ E e By e ( e
7 A
/ Ying
PN

; - [“i, forx =0,1,2,3;4 . el G Rl
Ex.: Given ]f(_x):ll() B T a waaay B Bl 8

0, otherwise

Show that f(x) is a p.M.1. /

E-" L A |
i i R ¥ i i
y e =
/ 2 A ; & (70 3
e p ;
e Y doa )
f{ Lifes 3 s
L e
A
Y
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cond. “I”: T. p f{x) 2 0 Vx eX

£(0)=0, f(l):-lwa, f(z)z.i_ﬁ

3 4

, f3)=—, f(4) = —

) 10 ) 10
L ix) 20 VxeX

. cond (1) satisfied.

4
cond “2”: T.p Y f(x)=1
x=0

4 .
Zf(x):()+i+~2~—+i+i:£9 =\.
x=0 10 10 10 10 10
Sof(x)isap. MLF

£ (x= 1) =F(1) = L
p(x=1)=1(1) o

p(x=8)=1f(8) =0

*p(xz3)=p[(x=3)ux=4)]=p(x=3)+p(x=4)
3 47
=f3)+fd)=—+—=~—
Sli 10 10 10
4
: 7
i e plx 23 )= FE8 4y = —
orby note2 p(x 23) ;,f(l) F3)+ (4 0
*p(x<2)=pl(x =2)U(x=1)]=p(x =2)+p(x = 1)
- 3. 13 ; | -
v, | L L 1l j
@+ 1870 10 1 EREAVE | e e A PR
‘ A E, torx=12,3.48 LR YRR, et
Ex.: Givenap. m.f f(x)=<k
0, otherwise
find the value of k and sketch f(x). o ey 1 Py =t
Sol.: " f(x)isa p. m .f. 5is
<4415 I
5
. by cond “2” we get Y f(x) =1 359
X =] 2454 ’
f(1) + f(2) + f(3) + f(4) + £(5) =1 it T é [ N
) ¥ & ]
A . ¥ 5
T P T X

e — o —

k k k k k
J'i} forx =1,2.3.4.5

sfbRy=45

]\(}, otherwise

ENE¢
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Ex.: Toss a coin 3-times. Let x = number of H. find the p. M.f. of x and
sketch it’s graph.
Sol.: S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

. S has (8) elements

X = no. of H, x e X; - 0’, 12 3

Rx={x:x=0, 1,2, 3}, Rx is a countable a
xisd. 1. v.

Event (X = x): to get xH, x =0, 1, 2, 3 when toss a coin 3- times

3 . b s
[ ] : number of samples in event (X = x) when toss a coin 3-times
X

N
£(x)=p(X =x) = 38{_ fex 0.1 2,3
__ 0 otherwise
3 A ﬁ(%):f
< [X] &/
f(x)=—+4
2/8 -‘
0 1/8 __ \/g .
1 3/8 | |
o { 2 3
2 3/8 R
3 1/8
3
Sf(x)=1
x=0

Def.: “probability distribution”

A probability dist. of a 1°.v.x;is a set of all ordered pair of x and f(x), Vx
eX.
1. e.: pr. dist.of x = {(xi, f(x1)); Vxi eX} of X,

IENE(
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_ ] 3 3 1
In ex. above: pr. dist. of x =4(0,-), (1,2),(2,>),(3,~
ove: pi X {( 8) F 8)( 8)( 8)}

#
g

E&: Given (3) red and (5) white balls choose a sample of any (4) balls, let
x = number of white ball in a sample.

a. Find the P. m. fof x

b. Find the pr. that a sample has (2) white balls.

¢. Find the pr. that a sample has at least (3) white balls.

sal.:

a. 13 At once

WS > loooJ

n=yg k=4

8\|
{:no. of samplein S
@J "

x = no. of w ball in a sample, x =1, 2, 3, 4

Event (X = x): to get x w ball and ( 4-x) r ball in a sample.

5 o3
.. Number of samples € (X =x) is { ][ J
X N4 =X

ke’

fE)=PX=x)= g
4

0 otherwis ¢

[S)(B)
2\ 2
b. p(x =2)=£(2) =~ 722

4
c.p(x=3)= Y f(x)=f3)+1(4)

AN

, for x=1,2,3.4
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Uniform Distribution of discreet random variable:
I e o %
Def.: Given k integers: 1, 2, 3, ...., k choose one integer

Let x = the chgwsepint., S = {1,2,3, ...., k}

1
' Vo e Jorx =123,k
f(X) = p(/Y = x) =<k f().? X s s k

0  otherwise

is called uniform dist. of k integers.

s f\' f’...

To show f(x) is a p. m. f. ¢ sl _ Fo=|

o . Iraph of Fex)
cond. “1”: T.p. fix) =0 untorm cist.of

’ F“j, ke inf.
k>0 i >0 T
k
% K= —1 >0 Joigx & 1,3.3.... %
k [ R | F [ Rl ]:}

=iy otherwise - St 2 3 I

L f(E) 20 g e KB

k
cond “2”: T.p Yf(x)=1

x=1
k
: 1 1 [ i
z 'f(x) = —+"H+-<“+—-:_C.=1
Hay k k k £
L i
k — times

S f(x)isa pm.f.

Exercise: |

B

L. A r.v.x. has a discret dist. with p.m.f,, f(x)=

Find the pY- dish. of L.
2. x has a uniform dist. on six integers: 2, 3, 4. 5, 6, 7 find the p.m .f. of x.

{Cx, x=1,234,5

0, o.w.
3. Given asetofintegers 2, 3,...., 15 choose one integer which divisable

by 3.

Let x = the chosen int. find the p.m.f. of x.
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4. Given aset of integers {1, 2, ...., 10} choose an integer and determine
it’s divisors.
Let x = number of divisors. find the p.M.f. of x,

Probability density function (P.d.f):es

Letxbeac.r.yv.
A function f{x) is a p.d.f of x if for any interval Ac Rx
p(x € A)= [f(x)dx. and satisfy the following conditions:
A
0
1. f(x) 2 0 Vx €R, 2. jf(x)dx=1
~a0
X(s)=x e Rx, Rxisuncountable Ac Rx
A is a set of real no.
Suppose that A = {x; a<x< b}.

b
p(x € A)y=pla<x<b)= [f(x)dx

il

= Area under curve from a to b.
f(x) is cont. over (a, b)

let ¢ € (a, b)

f(x) is cont. at (¢)

|
|
. |
p(x = ¢) = no. Aver = 0 = [f(x)dx =0 a ¢ ;5 a
[

=p(a<x <b)
Note: Whenx isad. r. v.
1. p{a £ x £ b) not necessary equal to p{a <x <b).

2. p(x = ¢) = f{c) not necessary equal to zero.
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kx for O<x<?2
Ex 1™ Givenapdd, filxl=tk dor2<x«d
0  otherwise

a. find the value of k and sketch f(x).

| 3 5 l 3
b. find p(x > 1), p(x<3), p(—2—<x<~2—), p(x<].l§<x<§)

: o0
Sol.:a. by cond. “2” of p.d.f. = [f(x)dx =1

2 4
1= fkxdx + [kdx = 1=Iix2 ‘(2)+kx ‘f)l’
0 P 2 -
=% ]—[([4-O]+k{4—2] =3 V= 2l 2K

T2

=5 124k =5 k:l
4

for 0 k%2

F) =+ for 2<x<4

2L <
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4
b. p(x>l)—j dh+J1dX
l 2

4 2 1
=X \1 " JH8(4 1)4»(4 2=

(x<3)= %[idqu BJde
’ 04 24

00|L.o
l\.)l'—-
oo|-q

4=.|r~'
B [0

1 1
gii-Teg ~(3- 2)=_+

P(AB)

_ 1 39 3
P(x<l|5<x<5)—P(A|B)— P(B)

= {x; x<1) = {x; 0 < £l% B S %,
F=1

AB =%, -£<x<]}
2
3

P(B) = j—dx

o0 | —

g
8"

:
b 1 | 3

2
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for x>0

for o.w

_ ke™
Ex “2”: Givenap.d.f f(x)=

a. find the value of k and sketch (x)
b. find p(x <2).
Sol.: a. by cond. “2” of p.d.f jf x)dx =1

— 0

=k fedx=l=—ke™ [f1=-k(e™ -€") 1=k

fix) | & fix)=|

f(X) :d e“ * fO'l' X> 0 CGiraph of fix)
0 for o.w ;
D 2 ‘ g
X flx)=e
0 |e'=1
I o=l L AV
e 2.
2 =013
3 =0.05
o0 e’=0
b, ez d)= If(\)a’x i I()ch _J. Ty = —e™
] 0
[e" ~e®]=1-e?=1-013=087
Uniform distribution on interval (a, b): . s IO "

e

N —
* Given an interval (a, b),b>a

i . b

Choose a point x from (a, b) thena<x <b

1

A function f(x)=4b_a for a<x<b

0 0.W
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Is called uniform dist. on (a, b)
To show that f(x) a p.d.f
Cond. “1”: Tpf(x) =20

‘*b-a>0since a>b

>{= f(x):—1—>0 for a<x<b
—idl b—a

fix)=0 sl) 0.W
Cond “2”: T.p Jf(x)dx = |

# N b oy
:>_£f(x)dx: j0dx+ﬂjb“adx+J’0dx

K

5
b—a

Il
B w L
[a— o
| —t
[,

= b-a)=1
b_a( )

Sf(x)isapdf

~ Ex “1”:1f x has a uniform dist.on (-2,3) [x ~ unif. (-2,3)]

a. find a p.d.f of x and sketch f(x).
b. Find f(x>0]—~;~<x <2)

—--17 l for -2 <x<3

f(x)=13—-(<2) 5

Sol.: a. 0 o P
b px>0]-L<x<2)=RAB n
2 P(B) . ; )
A= {X' 0<x<3}
fix)=10 -_\:f\
1X o <x< ’)} A : y
4 + { ¥ ¥
AB:{X,O<X<2} - 0 ) 3

%1 P i, 1.5 1
13B = _d P ' ::—2—1—— = — = —
& js h SXJ—; 5( 2) 5(2) 2

_ 7] Em ] 2
P(AB)= [~dx=-x[}==(2-0)==
(AB) JS sxh=52-0)=2

0

.‘.p(x<{)|m—]—<x <2)= 2/5 —
2 1/2_5

ZRTRE
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H.W.:é
. x ~unif. (-1, 3) find p.d.f of x and find p(0 < x <2), p( x < 1]-1 <x<2).

~ 2. Given f(x)= for -0 < x <co. Show that f(x) is a p.d.f.

b
n(1+x%)
Note: f(x) above is called cauchy dist.

Comulative Distribution Function (c. d. f)

(Distribution Function (d, f)) o (&‘omuiaz‘n‘w& Disdributisn Tun. )
C.oh

Def.: Let x be ar. v. either d. r.v. or c.r.v

A function F(x) is a c.d.f of x iff

F(x) = p(X £x); -o0 <x< o0

Event (¥ £ x) = all point in (=0, x]., O p (X<H = 0<F(x)< |
That is mean F(x) is bounded by zero and one.

i.e.: The graph of F(x) lies between the line F(x) = 0 and the line F(x) = 1

Iy EF: 1

Giraph of F{x)

o5
|

- ] __)gf(j =0 %

Note: We shall use F(x) to denote of ac.d.f of x and f{(x) to denote of

=

p.m.forp.df.

To find F(x) when x is d.r.v.

Let x be a d.r.v. with p.m.f f(x)
Rx={xjel,j=1,2,3,....} countable

F(x) = p(X < x) by def. NSy

Choose x and let x = x, (x;& I) NN xe e
Event (X £x) = {xj<x1,1,j=1,2,...}

(X=x) = {(X=x)) W (X=x) W(X=x3) W I X=K) W)
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P(X< x) = P(X=x) HP(X=x)+P(X=x3)+.. . +P(X=xj)+...
= f{(x1) + f(x2) + f(x3) + ....

p(X <x)= > ()

xjEx

F(x)= > 1(xj) c.d.f of x when it’s d.r.v.

=X

Ex. “1”: Given a p.m.f forx =1,2,3,i4

f(x)=410

0 0.W
a. Find the c.d.f F(x) and sketch it’s graph.

b. Find p(x £2), p(x > 3), p(x < 2), p(l < x = ;—), p(l<x< ;)

Sol.: a. Rx = {x, x = 1,2, 3, 4} count.

F(x) =2 f(xj)

NN

. ) S d e i
l<x l=x<2 ;. 2=x<3 - 3=x=d g oxzd

& ot ot i I
Interval of x xj €l
F(x) 54
F(x) =Y f(xj)
X< 1 0 0 F(x)=0 =
l<x=2 |
£ ) o — = —
10 1010
2<x<3 2 ] 2 3
o 2 PO =04 —4—=—
10 10 10 10
I<x < 3 2
e 3 el gt
10 10 1 10 10
xz4d 4 4 F(x)=1
| 10
0 ﬁ)?‘x<1 o 4 ﬁ\i‘
10
= forlsx=<2 e | "'“""'?15'
3 . . ‘;HJ |lf\} ::1 .
Hx)=|— Jordsxl | iy
10 k] }ﬁ,l .|"
I I
6 . gy o=
e foB<x<4 . N ‘ .
1 0 {(J.;J =0 I 2 4
1 forx=4 )
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NOTE: 1- F(X) discont. at x=1,2,3,4.
2- F(X) 1s cont. to the right for each interval of continiouity.

3
b. 2) =F(2)=—
plxag 2)=F(2) 0

(Fa)= p(x=a)) 2 B B L2 3
- —— —
or p(x €2)= XZ:]( 1 0 10 10
P(X>3)=1-P(X'S3): 1-F(3)=1- L.
| 10 10

Or p (x>3)= p(x=4) = f(4) = -

P(x<2)#F(2) [p(x< x)=fx)]

P (x<2)=p (x=1)=F(1)= —
3
P(l<x< = ) =P

3
Since 7 integer (1, ]
© 2

P(1<X <-§-) =px=1)=f(l) =—

H.W.¢ Given an integers ,5,6,7,.....,15 Choose one even integer. Let x be

e T

the chosen integer. Find F(x) and sketch it’s — graph.

To find F() when x is c.r.v.

Let x be a c.r.v. with p.d.f {(x) -0 XeR . 2
F(x)=p (X £x) by def.
To find p(X £ x)

yLu <
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X
X hasapdf f(x)=p(X<x)= [f(t)dt

—o0
X
AEBlx)= [fit)dt [c.d.f of x when x is cr.v]
—o0
f(x) is cont. Vx e (-0, X)
. 2 ,
3(1l —x%) for 0 <x <l

0. W.

Ex, “1”; Given g p.d.f f(x) {
0

a. Find F(x) and sketch it’s graph.

b. Find p(x < i), p(x < wl~), p(x>1), p(x < —l), p(——’l— e l)
3 3 2 3 4

Sol.: a. F(x) = }j-f(t)d’[

0 X 5 X 4
= [0dt+ [3(I—-t) dt=3[(1-t)"dt
—c0 0 0
(1-1)°

=35 =0’ - Ay

0 O Ss 0 0N, R

3
F(x)=41-(1-x) 0<&<]

] o xz1
X F(x) = 1-(1-x)’
i 1 : Fix) =1
0 0
= g’ :15:}] i.-: 1_'E{;|[1|| ;\)11\ where
8
| ] ’ F{_\}% -0 1
o v I I
2
e /\ \/-/ L/" Z _______________ -
e I T PRI T R T i
o elsishetaiaa 1) e b it
“*"——.._ﬁﬁ} %" i Fy s -H_""'H-\_\___ By

T STis < gl
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] I I3 8 19
b. o(x£-)=F()=l—-(1-=) =1—
p( y %J ( 3) i

p(x <3)# F()

1
] 1

(<) 31(1_ 0%dx =382 3o 073
8 19\
=f1- 2 - =Gy ~1=1- L = 7,

MX>U=1—MX<)=1—HD=L4—O

(xS —2)=PF(-3) =0
1 . I

p(--—<’x< )— é}f(x)dx- [ odx + j’3(l x)” dx
1 l 0

i>< ‘*ﬁ‘%‘“em (’ (>< 0= QXS e)=fa)

I. Given a p.d.f f(x) =4 x2
0 0.W

a. Find c.d.fof x
b. Findp(x>4.2)andp (x <3.5)and p (x <-1)

fCe_x for x>0

0 0.W

- 2.Givenap.dff(x)=

a. Find the value of ¢ and sketch F(x).
b. Find F(x) and sketch it’s graph.
¢ pX £37, pix =3).
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