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CHAPTER FOUR

Expectation and Variance:

Def: Let x be a. r. v either d.r.v. or c.r.v.”E(x)” is called the “Expectation
of x* or “expected Value of X or “Mean of X And denoted by LL.
Detined as followes,

I-E(x) =Y xf(x),whenxisadur.v.

Kt

T

2-FE(x)= [ XX cdaowhenyis aea .

R

2- E (x) existsif E:\| f (%= wxwhen Nisdioa

VN
e
3- E(x)expmg if [ f(x)duse whenxisCIig

e oy
(3"
H
M

Ex "1™ Given pmBfx)= 12°2 rv =023,

L8
b 0. MY

Sol: E(x) = i.‘-if(-\)

N

x| (3) i)
=g

IV A T
o)/ "8

Ry
{f
oo | W
oo | s
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2 3 3 6
)3 ;
\2)/ 3

a2
o8 %
Ly
| St
x‘“‘“x,,ﬁ

oo

It

oo |
ool 5]

3 3
| S = LOSTR(x) 1—3
5.\‘:0 N=0 ’
S )
Eix)= 3 xf(x)=2
:
x=0 =
[
|
J< forg =123.4.5

H.W: given ap. M.f f{(x)=

e —

Find the expected Value of x.

Ex 27 Givena p.d.if )= 4]'38:101 Iherl s ST,
EO AN

z

I
Sol: Eé\): [\J‘(Hmuof\f;_;.,;h-:-ﬁg e

et B :jm[@_o]:éf:ﬁ
33 b4 243

H.W: Given ap. d.f f{x)= SR It R
0  Ow.

Find E(x)? "
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vl
:

v ok

Ex: Given ap. d.f f(xy= %

for, @"%@gj}/

O AT

Dose E(x) exist?

€ L
Sol: E{\) = J.\‘ --:-c'i".\' % J(?’.\‘ =1~
P

SE(0) 1sexist.

o

Ex: Givenap .df flx)=1{ x2 7%=

Dose E(x) exist?

¥

e
Sol: E(x { —ely = |-(ﬁn_.fm' —@‘0@|~Q-f
;A X ?J/

SR Ysisnor exist.
fa — £

Expectation of afunction of x:

Ex 17 Givenapm.f  fx)=410
i

Def: Let x be ar.v. and let g(x) be afunctionef x then

I [{-;’(,\‘ '1} = Z gl(.\‘ )

= [g(x) f(x) dx,if Xisernw

X

J(X) i vis dara

forx =1.2.34
0 0. W,
find E(x")?

ol: g(x)=x"

E@(.Y '}] = Z_ g(XN) f(x)

~

2 4 y Aow 27 647
E[XHJ:Z(EH}——“LL:[]_M}._S&- e S
x =] 0 ¢eqpl0 10 10 10 10 ]

W’%

THE FUTURE 5 0
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10
o EXP27: Given ap.d.f f(x)=1g MARSER &5
| 0 0.W.
] Y I
find E( Jx) ? ~
._1.
sol: g(x)=4x = x2
! - i 3 3 1
1 ( s
E[E(‘ )]:E(-\ 2 )= [x2 —dx :-]— [dadatne_ — % 2 |
0 ‘ 84 S 0
| { PRSI TR
5(3“ (\ 4] - OJ-—EC—}[J__]—-E—

Note: if f(x)be ap.d. of ar.v. x: then E(b)=b, where b is constant.

Proof: case ~17; IfiX is-a d.r.v. with pan.t. f(x)

E(b)= Eb_f{.\'_lz .?JZ_;(I}: b
|- 3 Wy
Case "27: If x isa c.odPwith.p.d.f. %),

o T
E(b)= | bf(x)dx=Db [f(x)dx=s
—u —w N

Properties of Expectation :

'I“‘hwe_r_:_:rem_ “1" If x 1s ar.v. have ap.f. f(x). and E(x) exists.

Let y=ax+b, a beR, then E(y)=aE(x)+b.

Solicase ;17 If x 1s a ¢, r.v, With P.d.f f(x)

Y=g(x)=ax+b
EG=Elg(x)]= Je(x) f(x) dx

THE FUTURE %g




(a\ +b) f(x)dx :OT ax f(x) dx+ tb fii%) g%

=

o oz
=a [ xf(x)dx+b [1 (x)dx=aE(X)+Db

paate S

case 27 If xis ad.r.v. with p.m.f \(\

[muh] Y(m—h} ,I[\}_Y oy I{\}TZh

=Y xf(xX)+ b f(x)y=afx)+ b
theorem "27 : let x be ar. vy if u(xpandv(x) are two functions of x. then:
.E [ue) T v(x)]= Elu)F E[v(x)]
proof: “ case "1™ f X is ad.rov. with pan . f(x) let g(N)Fu(x)+v(x)

Elu(xy Tvix)] = Ela)] = Zﬁt.J_:m

= E[u(x)?L\‘b:)] fix)= Sub ) FEET S v(x)f{x)

e VA i

=E[L1(_\')]3F E[\-‘(,\')}
case 2 If x is ac.r.v. with p.d.f f(x).

Jet gz )=u(x) Fv(x)

E[u(x} +3(X) ]: E[g(,\'}]: __fg(\) f(x)dx
= e Fveo) f)dx = [ u()f()dx F [v(x) F(x) dx
= E[u(x)]i E[v(x)]

THE FUTURE iﬁg
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X+2 . S
_ L - —2<x<4
~ Ex“1” Givenap.df fx)=1 15 ° h
" 0 0.w
find Eppx* -1] & Elx+2) |
; _ . 4
Sol:E[’lx e 1]:> le(x)=2x% 1= Eflg(x)]= [g(x) f(x)dx
Or 2 Elzxf‘-—lJ::f(ﬁ«l
3 3 X402 14 4 7
E(X)= fx ¢ dx=— [(x7+2x )dx
&) > 18 ) 18 [3( )
r 5 4_| i % T Sy “
_ 1T xT A T ((10,_4 23645 S3E 46
18] 5 2 -2 el T\
_ 1 oss Mofe 11036 L.
18 3 i 18 5
5 5 +
i"[(\— )‘]—_ﬂ'g(\):(\+") :E[Q(\)]: o(x) Fix)dy
01-2.E[>;3+4x +4J:E(x3)+4Em—4
= |1 Tx)dv+ 4{u F(v)elv+ 4
Find E [(x+2)"] ?
N X fewe1234 1o.3 ~,
2. Givenap. m.f, f(x)=] 10 o find E2x7 ~HLE((x = 1) [
LO 0. W, k- )
_ X-1= =33 2% ~| )
~ theorem “3": let X be ar.v.
o e

THE FUTURE 50 %




If 3(a)suchthatp(x =2 a)=1, thenE(x) 2 a.

fpo

b. If 3(b)suchthatp(x £b)=1,then E(x) <b.

o
L Ifp(agx <b)thena < E(x)<b.

e

Proof: a. case “1™: If x is ac.r.v. with p.d.f f(x)

S

R
- :
Pl a)=1= f{xidx=] _wa?’ -
) a _F;;WMWE >
T(X)>0 foragx<=
=0 0.W,
Ra= {1 : w&xgon )
£ i gz o
E(x)= [x f(x)dx 2 [af(s)dX=a ie)dx=]
a o '
=3
s By =a
Case (2) if x is dryt svith pm.f fix)
Elx)= 2\ i’(x?[aﬂx}: ay t(x) =1
x=a ¥
=a
SEE) 2 8.
b. Similaryef(a).
¢. Case *17: If x isad.r’v. Noimap.dil i)
h
Plasx<sb)=1= Y fIx)=
N=d ! e
Sf(x)>0 foras<x<h _ wf;\wm___gﬂ,wf i
=0  o.w X k

E(x)= Z.\_‘f{.ﬁ() = Z{}f'(_r) = J)Zj"(\x) z= 1

% ol BB B B £ 2N
Sby'"1"&"2"we ger a L E(x)<D

theorem 4”:Ifp(x>a)=1and E(x)=a then p(x =a)=1 and p(x>a)=0.
P '

' n g
THE FUTURE A
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proof: case “1”: If x is ac.r.v. from ap.d.f f(x)
Aplxza)sl = fe)de=]
a
f(x)>0for a<x<=

=0 ow
E _\ e -r.. ’ \ e | t 1 e ;f
) | Y f(x)dv=a=u.l : J f“ : I ' iR
Cf: oo & 2
Xf(x)dx=a [f(x)dx= [xf(x)dx= [af(x)dx
a a a a

.thus inquality hold only when x=a

LelRix>a)=¢ = P(N>a)=0
ply2a)= p[ (x=a)u(x >%¢ .f}]— PO = (Bl il o S WS EE iy = a) + 0= ply=g)=1

case "2y If'm 18 ad rA from ap.m.t f(x)

p(\>1)—l—xvt(\] ]
Flxsl for aS\\J:

=0 ow

E(X)_ E'\f(\} == E= ”'Z.;.{'YJ = Z&:‘F (X

e >
Z\;{\}—Yq)‘{\
Xea Kot

This inequality hold only wheny=a
1. (xPa)=g=splyza)=0
(X ;a)z[(x =a) (N >a}}:p(x =a)+p(x>a)

= L= =d) -+ 0= =a)=]

variance of random variable:

Def: let x be ar.v. the variance of x denoted by v(y) or 87 is defined as
vx)Efv- £ |
wEGsH ‘thcn v(x)* ]_—.[(\ — 1) ]
note: since (xw,u) 20 then E[(.x - _}EJE 0
. v(x) = 0alwayes.
properties of vaﬁmce:

theorem “5” let x be ar.v.,then v(x)= E(xz)»“[E(x)}

57

r : é‘d 8 %
'HE FUTURE 2, 8




Proof: v(x) = E{[x- E(X)I'}
o V(x)=E {7 < 2E()x+ [E(0) ]ie(.\') constant,
\.-‘(x):F(xz) PEX)EC)HE)
v(x)=Ex?) 2 [E)P +EGF = vix) =Ee?) - [E)F
note: }‘\-'(\:)=(}<::>k(x ' {(\()]
- 2o u(x) 20=00 E(x [L \)]

3.v(b)=0, bis constam.
Theorem “6” let x be ar.v. and v(x) ex 1 st, If y=ax+b |
a.be Rihen v(y) = a” V(N).
Proof; y ax*b:if(_\-] =aE(x)+Db
Viy)=E [1 = ()] = "‘[{mw b) — (aBeeysb] |
=E t[ﬁ\ —ak(x) "] { [\ L(x)l }
5 = A2F{N - B =i

JorB<x <l

Ex: Givenap.d.f #(\) :{;

(1
a.find E(x) &¥x). [B.If v=1-2x, then find E(y).()).
) 4

o 1 o 3
u,f.(.\)wtl“\[N B ) = S @
\‘(x)z‘E(x2 ) — [E(x'}]3
e by =
E=(x" =[x~ (3x" )d\—f_ ==
0 d (-
3 9 d48-45 3
V(X)) = m e e —
16 80 30
b y=(=2)x+1=> E(¥) = (-=2)E(x) + 1
3 -3 l
11(\)“(—2)(‘21")*.]Z-’—E—%-I:ME

: 3. 1D
(=2 Vx)=A (=) = —
v(y)=(-2) v(x) (80) 20

6x(1—x) ‘for0O<x <l

H..w.: Given ap.d.f. f(x)=f(x)=1{
S Divepp it BO=I=l 0.w.

If y=2-3x, then find E(y) & v())
Theorem “7” vix)=0 iff 3K where kis constani such that p(x = k) =1

THE FUTURE $9%
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< suppose that px=k)=11pl(X)=0
F(x)>0 forx=kF
=0 AT
x)=wx=k)=0 hp noe.

Poof:

= S\J.Pflpgk v(;f}:‘_: o

2

Lp  px=k)=

> iy - E()] = 0f=1

;
]

hyih "Y'= [E(x)=u — plx= a) 1
=

p-',_(.\'—fj‘(x)):(lf—l:w Y PR = B = i

x=ks B =Lk =k=0 plx=4]=

Existence of Mean and Variance:

E(x) exists 1ff E(ix!) <&

= E(x7) - [BON = - VN exists iff E(x) & E(x~) exist
. } .
Ex. "17: Given acglichy p.d.f f(x)=+ e for —w<x<=

ml+x7)

Show that E(x) dose net exist?

Sol.: E(xi) = } K~ . dx:f_-f_\'—— S_glx
o —e w7 0" R e g
1% 2 - !
*i {@--wd\w—-—ln{ g )?O':—Un:f:—lnéjréo:
Tol+x™ T T

}:'{g.\‘f}}lix = [F(x) dose noi exisi

Exercises; 1. Letx be a c.r.v. have a p.d.f f{x) where

B it

h
fx)>0 for0<x<b<ew,  Show that E(x)= J[I-F(x)ldx
0
=0 o.w.
Hint.: f(x):d—?f-) ¢ f(x)dx = dF(x)
Hint. -

2. Ifx is d.r.v. have p.M.f fx)>0 . forx=-1,0,1

= () 0. W.

: — 0%
EHE FUTURE i
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a. If £(0) = e Find E(x%). SF(x)=1=> (-1 +f(0)+f(1) =1
. ] N B an oa i
b.If f(0)=—, and E(x)=—, Findf(-1), f1)
2 6
A= s for X«
3.Givenapdf f(x)=< " =0
0 0.\

a. Find E(x) & V(x), b, If y=2-3 x. find E(v) & V(y).

; SER le€x<l
. : [1=ix “laxal |
Hink %) = ' :jl—\ Ogx«l
e 0., |
' LO 0.1

Momenrts of Random Variables:

Dei Let x be a g either drvoor e, let Ko=uTihen E(,\'j") is called

“the k"™ moment of X7 or “the moment of order k of' "

when k=1 = [:( = * moment of y = Lt
| E(x') = 2."""L moment of x
Note: E(x") exists iff Et jf) <z
. Theorem 8™ 1 E(x") exists then E(x‘s’} exists. j<kandj ke I
Proof: case 1™ If x is c.r.v. with p.d.f f{x)
o Bl e ) exists = .'.E(Ex;fk Y

Tp E(x-"j) exists, T.p E(i};i-i) <

}:(:\l): |\.|f(\) | ‘%/L(]%’M

E ('x" ‘XJPF(X dx + _{f};‘jf(x)dx

,%x;S] x>

THE FUTURE %
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S ik il g N R

2" central moment of R.V.X is equal to V(x).
Ex. Let x be o pogt B} = 1, Blx’) = 2and E(x’) = 5. Find the3"
J central moment of x.
E[(x-1)’] = E{x’ - 3ux’ + 3_;13.\1 T
=E(x) - 3pll€(>{3'J ;\31l3E(x) Tk
1. 3= =]

=53.,T .2+

LS

i
LA

Exercises: 1. Ifx ~uniform (a, b); a, b € R. Find the valued of 1™ central

B R

moment of x and also find the 2™ central moment of x.
3. Lety = E(x)and §" = V(x) showthat Ef(x-11)'] 2 5!
.e. 4" central moment of X is greater than orequal the square of varianc

of x.

Moment Generating Function (M.o.f).

Def.: A moment generating funcuon (M.g.f) of a riv.x is a function that

determines all moments of x, denoted by M, (t).suppose that t € (-h. h). h > 0.

If E[e™] exists Vte(-h. h) then M, (1) = E[e],-h*< t <h
There are two cases of M(1).

Case "1™ If xis a d.r.v. from a p. M. {(x)

M ()= E[¢" MZCJ”

Case “2": Ifx isac.r.v. have a p.d.f f{x)

ML (1) = Ele™) = [e" f(x)ex

. . e for x >0
~ExzGiven apdd fix)=
o 0 0.W
Find M,(t) and sketch it’s graph.
_ Sol.: M _() = E(e") = [(3" e el = [e'“'”“'aﬂ.\-

{ : {

THE FUTURE i&;s
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This integration exist only when (1-t) > 0, 1.e. t <]
--__L,"'i .I,;J:—:_T:_ - _]_
."-f._(f‘)‘—lmrr{. L I_;[L_,, L_,] _—_
Mo )= —]—-—— for 1<l
1 =1
~
t I M(t)
_-_-.__ 0 ‘ ------- 1 Graph of /
Aot |
-1 0.5 P
2033 = Loxs
& 0.25
o o
. . -~ \ A -’ - -
Ex.: Givena pM. 8 4 fgrx=1 2438, 5
i I(x)=416
Find M.(t). 3 0 0V
Sol.: ) B e Y25V e F S e
et ( LSS 2 73
] ; i } i 2 ~ ar = o 57 ~
=% xg" =—[l-¢' =2-¢" +3.27FFE +5e"] for —m<i<x
1574 15
Theorem "@": Let x be ar.v. have a M.g.f. M(t), then
M (0)=1, M’ (0)=E(x), MI(0)=E(x"), M"(0)=E(x"). ...,
M(0)=E(x")
Proof: *M (t)=E(e") by Macclaurin series
. . h : ' Xh
SR R e R o
L3 k!
N CUx thx”
e’ mlspipsb=—ea R
3t k!
: tj; 2 tﬁx.‘\ tk I
M (t):E[1+tx4~~~L+ b i
' 2! 3! k!

s

Mh(t)gd;%x) +;E(x3) + IIE(X) + ...+%E(xk)ﬁs~m
THE FUTURE 14 B . ’




CHAPCER FOUR

A e e e i e

M (1=0)=M_(0)=1

[ |
. M = 2t .3 . st _
i iy e - e 28 e St B e B Bint 4
dt 2! 3! k!
M. (B)=E(x)
AN (1 61 Kk~ 1t
M”(0)=E(x}
Simillary we Can find ! E(xY), B, .. F(\})ﬁ\
Note: M (1)=M _(0) ‘t\/l (O L——\1 "(0) + --l—‘--!-i\-’l_‘f'(O)

This series is called the M..g.f. by Maeelaurin series.

Ex.. Given M\(I):i ]_\ p I<; Find E(x)and V(x)
- ot =
= ]
Sol.: M (t)=0-21), r<—

N =—(1=20 " (=2)=2(1-21)"
SE()=MU@R 20 -0) o

Vix) = E(x" QKT

M (1) = 8(1 = 205
CE() = MI(0) =81 =0) =8

\"{,\'):8~2::—EZO
N\ be

Theorem “107: Let ar.v. have a M. g fM1). If Y =ax +b.a. b, eR

then N (1) = e™ . M(at)

Proof: Y =ax+b
_HJH:HHW@y&M:ERMMT:HE“”j
M @) =[e"" e = e Ele ™ )= " M (ar)
Since M ()= E(e"y=> M (ar) = E[e""]

Ex: Given M\U):i] fort<t , Ify=1-2x, find M, (1).
= 3t 3

Sol: y=(-2)x+1 ,a=-2 , b=l




5‘%{?@’&% ?OZM

By th.(10) ::DT\-’I.\_(l) =e"M g ‘M (
1
M Ll)“ ------------ fort < =
...... ‘J: ‘3
1 |
L ) R S N FSpEs o
F=3(~2t) 1+6t 6
1+ 6t 6
The bonded of probability:
Theorem " 11" ((Markov in_q_uzaiii}'j)
: R

Ifx is arv, and if P(x20)=dgthen PO > i

)

Proof: case 17 if Niis & etoviwith a p.d.f

o208 £ | (\10\ =

fx)> O Frar x20
00 O\

Bo= jx,ft;odx—-j}cﬂ)odx«-i’;ﬁxﬂ@ kﬁx}dxa rz—mm k24

CEtoz lfff’gx)d:{m E‘(x) >i"| F{xidx

.E_{.\]i_i_@ }_,(,\EI}

Case 2" If xisad.rv. with a p.n.f £

Thearem “127: “Chebyshev inqualities™

i

Let X be ar.v. where V(x) exists,then:

x) by the

same method.

i ) )
_1.;_-(%&;{13‘_/;‘) Z“L" >0 2 J,J{!X’—rgqplu—--—— 201
2
7 -I(x) . g 3 2 . <1 -
Note: 1. —5— is called the wpper buond of pilx - u] 2 1)
- r' +
(x)

I

IV \”vz,

THE FUTURE i 16 %
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i

et et i

Proof: 1 Fix)=E[{x ~ “4)'120

Let y=(x—p)" 20 = E)=Hx- 1) =) =0
. by Markov inquality. we get
3 & [ Y=o

50) ) N = T

e

R, TV R
) i
PLIx-ml< &l vy
I-_\ TR ik ! e N :-.f’ :
N R~ an il (~~/3.+/3] then
a. Find the upper bound of  pulx ‘"*/'{l o
7




am i B

s Y

¢ \’(3{) = 2 (X‘ ) _ [h(\)} S == 1 o f53 Y

V(Y | 4 (&
U.b‘ P (‘ ..... ) — S O_j 1. i i - — :
- _3\? it 4 9.3 gl
(:ZJ
3 3 3
1 1 3 - : -
0. pN—-HMi2—)=piN-—-U02—)=plix>=
p( /| 2} Pt | f))_*lf-\"-')}
et
L 3 11
a. Find the lggerbound of pi e nc)
i ‘
. , 5 sl N
b. Find the value of p(= < x € —4j
4 5
i AR N
Sol v a. Lbe] YRE
"
Ix - 3
Eixi= dn Tody = chey e Ty 50 L
) 4 s
B 3 ; ¥
By = f\ (-—=)dy = & » = e U Y m - R
Q s i 2
Vint= B = BN
1
m o 5 e (} < :__
5 5 a | 3 3
p(..-«;\(».#_}_ ]J(I_‘_\‘ oo G ‘ 2j—_}1{ St (IR I ‘}

P ) [{ %]
Lb =1 \_H(.:'}J; = i i s § sl




LT

Median of Distriburion of'r

Def.: The median (m) is a value of x such

that satisfing the two following
inqualities;

=
I
.
Jﬂi
ta ] —
o
-

S S

b | —

| By properties of ¢.df iy

Y <ni) = Fim), PAE m) = Fm) = Finr)

" T Gy |

Notel]) If r=m=1f ihe:
R

JRRN-SIP Ui :_1

@ Thevaluaf mediasumniqu

Ex.: Givena p.m.f fix) =4

|
i
Find the median of v, 10 A

1
Sol.: PLY < omj < 3 & plygom) s T
Suppose that m =]
; 1 s { 41
Ploc =08 —. pPYED= ()= —f -
2 2 &

R I

THE FUTURE £ %




ek i o

. , |
pla< 2= fil) = s i
}'?{.‘{ £ 20 fr(” 4 :;:] b 4 _":";.’. -

| 0

Suppose that  m=3 T

{ " a wpey E : ﬁ‘ l 1{
plx<3)= fM+ f@) = ot Fomos g
B e o] =

LR E3%E PO I 1) W - 6‘1'
BV S 3 e FL 4 FU2) 4+ J(3) = i e e " s e
" ' ' : s 15 15 1572

Suppose that m = 4
]

fid —
1o <" _’:3:

. . 2 b & 0 :
pEv s 4 = FUY+ P (a) R
' ' 13 -

e :
ply€dr= 1) gRF~7 (M~ Jisd= Fpa
=iy medicp

| ]

Ex.: Givena pid. I ANTRS ) =950

Find the median of x?

. ] . i
5@1’: T R o — & e L
i -~ ¥
; i N }
plx <= | = ey = —lg -
4 \ m 2
1 l I
| H
............. | g e mm < 2 L)
mn 2 i 2

o1 .
——{i ~1]z-=mz22 . et
i i

From (1) & (2) => median =2
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Note: We can also find the value of (Median) from the graph of F(x) such
et . i I ‘ o
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