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Def :- A random ( Statistical ) experiment is an experiment with :-
1. All out comes (results) of the experiment are known in advance
2. Any performance of the experiment results in an out comes is not

known in advance .

3. The experimant can be repeated under the identical conditions .

laaYl ¢ A genna Lie il (Al Ay el el Ly A el 3l iy pai oS

(€ 50ms 5l G5 Y)
: o portial e i B LRl e B N 5 5 e

. ) il 4y 40
1. Tossing a coin @t A

2. Rolling adice _ I (o da i

3.Playing cards =~ el (39 4
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Fntroduction to Probi

Def: (Sam?le Space)
A sample space of an experiment is a set of all possible
outcomes denoted by (S)
i e &y jad (e ALSa ) G0 OS g 1 Al plind
Def: (Events)

Any events is a (proper) subset of a sarﬁple space

| aaly pusie e 0S8 1 Uy Clall 5S35 (S) 0 4in 4o garn (2 10l i)
Mg\r—hqﬁéihlewwﬁ‘L'}Ar_')_jﬁl'hl'.‘.—g‘)‘)"‘ﬂﬁ
laes (8) pilic e (5l 13 128l

ie: If A is an Event, then A © S

ex: Toss a coin once

sol. S={ H,T }

S has (2) elts since acoin has two faces

Let A:to getH

A={H}c S

LetB:togetT
B={T}cS

:. A and B are Events

ex: Roll adice once

a dice has (6) faces

each face has adots

S ={1,2,3,4,5,6}
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B [T EI—
!

={d1<d <6}
A: To get one odd no.
A={35cS
A is an Event
B: To get one even no.
B=1{2,4,6}c S
..B 1s an event
Griss
C={.23}cS

- C1s an Event

caall By et gl m Qi) 3a  Risall L S ¢ ABBadLs

Def:- Empty set (D) a3 ¥ Al daladl

® is an Impossible event
ex Toss a dice once

Let A: to get 7

S A=O0

Def :- (Disjoint events)

]

) ol g
If A and B are event§, then A and B are disjoint iff AnB =0
S -
A B
A B OO




[
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Chapter Two. ~ Antroduction to Probability

Def . (Joint events) Aluatall 20 5o
It A and B are event, then A and B are Joint iff AMB # @
S S

QO
|
_ AB

Bc A
AB=B

Note :- We shall use the symbol ( AB) to denote of AnB

Def :- If A and B are events ,then (AUB) & (AnB),(A-B),
(B/A) AS---etc are also events .

o i i L3R 5] :
p PUEEn L ] A5 4

ex. Roll a dice once . (8 [Compenis 9
Let

A={d:d>2}={3456}
B={d:d<3}={,23)
C={d:d<1}={}

Find AUB , AnB , AUC,
A, B°, AB®, BAS, ....

{I.‘ g i a: i e -:j\ Byt e ',;', /I-"::.v‘-.\?:;w
}q {i v g A m e Y A Xeied Q 5

: L
I I

AUPT] Xr Nepy xR %

:I::'.I_k



Chapter Two. dntroduction to Probability

AUB=1{,2,3,4,56}
ANB =423}

AcuC =1{,23,4,56}
Ac = {}

B = {4,5,6}

AB “ = {4,56}

BA ° = {l}

Toss a coin twice (2- time)

When toss a coin twice (2-time)

o m e m‘" m Sa m ek )m o TR oo NN o R e
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i

oy
&

i ki e
‘ I

o

;f’ .'?'-’.Q"d\‘r

S = {HH,HT,TH,TT}
S has (2% =4) etls

3rd
When toss a coin three-times
. ; 2“d < H
15'3 . . . T
P
H
T <
H o5
S ='{HHH,HHT,HTH,HTT.--’,TTT} ~——

- S has (2°=8) elts

when toss a coin n-times , then the sample space (S) has 2" elts
ex. Roll a dice twice (2-times)

S={d,d,)1<sd <6l<d, < 6}

S= has (6°=36) elts

When roll a dice n-times , then the sample space (S) has (6") elts

L i
IR o et
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Simnle Probability dauall 48aay)

Def:- If A be an events, P(A)= probability of event A = Pr.(A)that is
mean (pr) that event A happence-If S has (n) elts & A has (m) elts,
then |

e no. of elts of event A _E\l:in_
p(A) = no.of eltsof § |Sl n

O3—Si B Al 355 ol sy Bala Y (bl JLiad) il MM '
il a¥ Laal ) L dlh 38 Giaa JS g AN Lpand Bandivee Sl Lk |
cg sl Al

e 5 o (A) (e { K Bl ) T B el Jymnd il i
28 gl eyl T pE(A) Al G <l e a0 43 A

(lemilhic) telae P( gt ) A o 3 ke o Juia¥l Aad of 293+ Aliadla

; [0.1]
€=

e OS] ALY Al (i (el 13 bt JLaal Al P JLssYl Al e

R[O,l] LAL.IAJ S

P:S-» R[0,1]

i ;\_x;xx.l'! @L&h.é H}&@L&Q (o
T el S e e o] Al adiad JLasY) dad o 2 iABaOL

EQL.,mg_j e QSJ} E_l::mgﬂ'! eyl (5.3 @M [EYIPSEN O cylall oda ol (S),_._\
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o 3N VA Aiaall ual gadl 3o S & Ryea 25 G s Gl e

9y Laas Ll o3 Ja 3pant (b 2ol () Tyl GO Gy () e 52l
Gkl o aaly lasa

1. permutation Jybid

20ul sac <—.—L~u=~.3 eV e T e Al L S Q—-«\—u S elayl e G frhlee 3

st
Fi.

P =Pnr= (n - r)!

+.
,n,rel

1—4@My&\ﬁﬁjlggﬁwléﬁl:m:;/d&a

41 41
=&=4-><3><2><1==24 or 4l=4x3x2x1=24

'P.4= — <
44

im0 S o g (e G S e oy (8 A GO 232 3o [ e
M&;hlljs_)sgslt;gsjmﬁ

5! 51 5x4x3
P: = = ——'—*—:zosamples

2T -2) 3 3

@L&M@Mwwﬁimouacygmuygﬁgbpgﬁjuugj

ERCECRAT

n -
Pni,nZ.—--nk -

nl!n2!,'°°nk!

—— d ks’

e p T o P I S S i i L
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) } | ] " 'I i . i I l I ‘ I ‘ i i l?’ i ﬁ TaET T % i "i“&--wmw:: ﬁ IE “"‘*""Z’*‘ﬂ

U'IJ_J'I@‘L..J\J&‘)_Mumbaw%a%jLi:'!)ﬂ&.mt__\;ﬁ)ﬂm‘lLB)]:J'I .‘.\J:...}.:x./dm
.Lg_).'m'l

po 7

P = 2pm = 1P

2. Combination (a8 s

5 Methods

N a—daq 5 yrS Ao jana (o T a2 Slayiall e 222 (Selection) il gl jlisl 4lee oo

i I L. nrel”
r) \r Alp-r)

whﬁbﬁﬁuw;ﬁyc@ij&ﬁqﬂiu@\ .J.\_c.}.’a'u/d&a

P AN Aapall padiudy B Osh

I

L ol (50 e Aisall aa 05,

66 _ 6 _6x5x4_
o) Ae-2) 240 o samples,

s et 1] JS ) Cans I8 R e Ll K 3 olalll e g L/ JB

Al A L ol g d e
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Lo (arry =" @b
E;,.,_ r=0 r

!""" A binomial coefficients ¢pasll il3 c¥ales

n n-1 - n-22 n
i o =n+nab+£(n—1)ab+---+b
. a -2 '

ft‘ﬁ'm. ]
'

L ex/ Prove that

Sy

s (??'i‘l) 7 ) n]
g- = +
L. ) 'V_l/ ¥
- ‘ Sol. R.S
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Facts about the sets  <ile sanall Jos (38

1.Am®=®,Au®=A{A] A

2.A°UB° = (ANBY)

Demo.Law
A°nB° =(AUB) }

3.°=5,5°=0
4AVA =S, AnA° =D

5A;"AJ =A, ~A, A happencebut A, not happence

: A, or A, happence

7-(A1 uA2)~ A, gva,
8.A, NA,

Ajor Ay happ, but ne t both
Both A, and A, happence

Axioms of Probability :ddlaiat) clyga

1.1f A< S, then 0 <P(A)<1
2.P(9)=1

3.1f AJA,,+- A, are sequence of disjoint events , then

P(A,UA, U UA,)=P(A)+P(&,)++P(A, )

ie. P(I_ 1A) = ZP(N)

Note:~ Special case of Ax.3

1
]
1
3
]
]
]
I

8

1t

If A and B are disjoint events , then P(A UB)=P(A)+ P(B)

ex. Toss a coin 3-times




V2] S

78
B={rr} P()-5 <0y Q403
N f = gt lese ¢ g&»%\ﬂ oY FEP*) i SR £ % “'“( '%/'
c 3 £
"P(A )~ -P(A)= P( )—I—g=§ <50 T ——
Q ex/ tog(a S %ﬁ 106( Find the pr. That sum. of dots is equal to (8) j o= g dy =y
B = 4.r S e 4 N g
| b. To get R ebi(or ~ P(C) <V, P (C ) == '? o D= g‘j?’” g( 280,

LJL(L?LL&’}C cl UJU- -

Sntroduction to Probabilitp

a. Find the Pr_to get 2-H
b. Find the Pr to get no-H
S has 8 elts

Sol. S = {HHH,HHT,---, TTT}
a. let A to get 2-H

A = {HHT,HTH, THH}A has 3 elts

A Toi] .

P(4)

b. let B to get no-H

¢. Find the pr. That df?)—:.iii e ) yil2

Theorem 1 :- P(CD)
Proof :-' l'et A be any event
AD=0O
A & Qare dis;.
AUud=A
P(AUD)=P(A)
P(A)+P(®)=P(A) byAX 3
P(®)=

j Kju)jg\, %} (59

{ g)f

3 ........ ;,, f%\ %Mﬁwlﬁv
| LR T
S
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Theorem 2 :- P(A“)ﬂlHP(A]
Proof :- | | . S
2 AAS = O -. AS
oA & Afare disj
AUA® =5 =P(AUA®)=P(S)

P(A)+P(A)=1  ByAX,2,AX3

. P(A%)=1-P(a)
Theorem 3 :- If A and B are joint events , then
fP(A UB)=P(A)+P(B)-P(AB)

Proo
AB® & AB are disjoint > A=AB°* UAB

P(A)=P(AB°)+P(AB) by AX3 --(I)
BA* & AB are disjoint
B=BA° UAB

P(B)=P(BA)+P(AB) by AX3 Bg A
P(BAC):P(B)“P(AB) ..... N s s (2)

.- AB°,AB&BA°  are digoint
AUB=AB° UABUBA® o
P(AuUB)= P(AB®)+ P(AB)+P(BA°) A

. P(AUB)=[p(A)-#(aB)]+ P(aB)+[P(B)- P(AB)]

P(AUB)=P(A)+P(B)-P(AB)
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Theorem 4 :- If A & B are events such that A < B, then P(A)< P(B)

Proof :- A and A°B are dis].

B=AUA’B . *

P(B)=P(A L A°B) |

PE)=P(a)+P(aB) by Axy AP Q)P
P(B)~ P(A)=P(A°B)20 | it

_P(B ) (A)>0:>P( )<P(B)

H.W For any events A and B , show that o | |

1. P(AB) < P(A) < P(AUB) < P(A)+P(B)

2. If A and B are joint events , when P(A)=0.8,P(B)=

Find the conditions.and the value of Max P(AB) and Min P(AB)

1
3.1f P(A)= S P(B)= - Find the value of P(BA°) when

a. A&B are disj. events b.AcB ¢ P(AB)=—

@ If A,B and ¢ are dis J. events find
1 P[AUB)~C] 2. P[ATUB]

Theorem 5 :- (H-W-)
P(A U By C)=P(A)+P(B)+P(C)-P(AB)-P(AC)- P(BC)+P(ABC)

SR D 0. €
Theorem 6 :- Canve Cae ﬁ«f ot ﬁi P NS :
If A,A,--, A,,... be aseqﬁ\nce of infinite events such rhaz‘ '
¢ Aq CAicAgC e An e ¢

Then P{U } Lsz A,) Lo i B VTR

ne>w0 / /f“ ARV + oA \f” aie }
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Proofs- Ai;AﬁAf;AgA«;r wABL are dis;]

A, =AUA,=A UAA]
A=A VA, VA; = A, UAA]

iﬁ ]

# ! T .

. £

A = JAiAS, = (A
‘=l I N

.°.P(A,,)=P([] Ai Af,}
j=1

=S P(AiAs,)  byAX3

i=]

Lim ®(&.,)=Lim > Plai AL)
n-—re n-» i=1

oy

=S p(Ai AL).)

0 Aj = D Ai Ai'l—l

i=1 i=1

P[O Az’] = P(D Ai Ki_,]
i=1 i=]
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CRCRVESE AL

™
y i

PRV £ R L VAR SyeA {0
N Nzt 3R ’ ‘Ig ?r’ D ¥V }" N h A

Theorem 7 : LetA15A2:A33°”5Ans'”be an infinite

sequence of events such that

Then P[ﬁAf)%Lim | pa,)

i=l n->d) = 5
" ._ 47 B \,x» uﬁ,m /
Proof :- Aj € A; & Bl B Cidonne : By theor 6 ,;(J TG __;'
E/’v’ '
(5 e _ - .
A0a J-Lim )
P [ﬂAf} =Lim [L-B@A)] bythe th2. & DLlaw.
I"P[ﬂf’“ iz [im  P(A)
=1 n —3»00
P[ﬂA’}': Lim. P&,)
i=1 —>o
Random Sampling 4:) sdal) il
Suppose a population of n-elts {500 a,) We want to choose a
subset of this population has (K) elts(a;, azs---on ay)at random (k < n)

These subset is called random samples . there aretow kinds of random
sample :- |

1. Un Ordered Sample 45y e clial

Select (k) elts from (n) elts at once (at the same time)

2. Ordered Sample Ag ) cilial

2. one by one without replacemént selecte (k ) elts. From (n) elts .




Chapter Jweo | | dntroduction to Probabil

one by one without repl .
b. one by one with replacement selecte (k) elts , From (n) elts.

one by one with replac .

Case 1 Aoy Al

Choose (k) elts . at the same time from (1) elts .

We use , ( combinationn, K ) to find the number of all samples

(}f% 1‘:1(;i )

Ex/ Given a set of (4) elts. {CZ, b,c, d}
Choose a sample of (2) elts.

a. Find the sample space of all samples .
b. Find the pro. That a sample has elts . (b)
Sol/ a. :

4) < 4! “4X3X2!“-1-2—~6
(2] 2i(4 ~DpmamgE?, ~ 5~ samples

S={ablachadlb.bdlcd}

b. Let A be a sample has elts (‘5)

A= {(a.8)(b.0)(d,4)

3 1
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| Chapter Two ._ |

1.e/

e 50 sl ) by uolic Ans 3 Sin 5 Gobad] Flpud o . 25 28,
AN st 5

(g, 0y | (O . 0O)

- (a?c,d) b (212,83,-__--350)-49. a
P, X by, : P49,1>'< Pz,.;.
311 49 1
e ey —

21 0l 48! Q!

Ikl = 3

Ex/ Given a set of (3) boys and (4) girls students. Choose a sample of
(3) students

a. Find S _

b. Find the pr. That a sample has 2 boys

c. Find the pr. That a sample has at least (2) girls .

sol/ a.

.S has 35samples

3b

b. ;g"
A: be a sample that has (2) boys

__)

R R T e e e
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L fablta

3x4=12 125amples has 2boys and girl]

P(A

B=B,uB [B andB, are a’:‘sj.]

P(B)="P ( )+P y

Case 2 :

a. Choose (k) elts. From (n) . elts. one by one with out replacement .
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In this case we use (permutation n, k) to find the number of samples

in S.
Where Tr = (h-K)

Ex/ Given a set of (4) elts. {a, b,c,d }

Choose a sample of (2) elts. one by one without répl'acémen_'t_'_ __ |

- a. Finds

b, Find the pr. That a sample has elts. (b) .
Sol/

4 4l
Pz'—‘““‘“-j=1?-

(4-2)
Shas (12) elis.
[((@.b), (b.a) (e,d). (d.a))
S =1(a,c), (b,c) (cb) (d,b)

(a.d) (b.d) (c.d) (d.c)

A ={(a,b).(b,a),(6,¢).(6,d).(c,6),(d,0)}
6 1 |
PA)=—=—
( ) 12 2
ex/ Given {2,3,5,6,8} a set of (5) integers choose asample of (3)
integers one by one without replacement .
a. Find the pr. That the sample con be divided by 5

b. divided by (2) .
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S has (60) samples
a. let A be a sample which divided by (5)

2
3
6 8
8

4x3x1=12
. A has (12) sample
12
" 60
b. let B be a sample which divided by (2)
B has (36) samples

P(B)= -36% =e [0,1]

P(a)

5 2
6 6
8 8

O e L2

8
4x3x3 =236
b. Choose (k) elts. From (n) elts , one by one with replacement,




T b B A A 3 e e e e

.S has (n") samples

ex/ Given 4 elts {a: e, d } choose a sample of 2 elts. One by one
with replacement

a. Find S

b. Find the pr. That a sample has elt (b)

Sol/

a. 4*=16 S has (16) samples

b. Let A be a sample has (b).
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A = {(a,b),(5,a),(b,b) (b.c). (b.d),(c.b).(d.b)

P(a)=-

16
Exercises :-
1. A box has (24) bulbs of which (4) are defective .Choose 4 bulbs , |

find the pr. That they are defective .

2. A set of (11) integers ; (5) of them are negative and the others are
positive . Choose a sample of (4) integers and multiply them , then
find the pr. That the product is .

a.negative b, positive

3. Given a set of (12) transistors of which (3) are defective.choose a
'sam'ple of (4) transistors then find the pr. that .

a. Two transistor are defective .

b. at lest one transistors is defective .

4. Find the pr. That two people of (K) people will have the same
birthday .
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Probability Space

Def :- (8-Fi |

A non-empty collection §2 subsets of a set (S) is called T -field of
subsets of (S) provided the following two properties holds . |

1.IfAecp, then A° €p

[-'=} -]
Y. . o

then ! IAngJ&l 'An eEp
n-1 n-1

Def:- A probability measure (p)ona (5)-field of subsets (¢)is areal
valued function having a domain(¢)and satisfying the following
properties

1. B8] =4

. P(A)>0,VAep

3 IfALA,, s A _,are disjoint in §7 then
P[UA,,}=§‘P(A”)
n=l1 n=l
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Def:- (Probability Space )

The triple (S,,P) is called a probability space .

Remarks :- the elements of S are called sample points .

Any A€ @is know as event clearly A is a collection of sample

points.

ex/ Toss a coin once

S ={H, T}
po={{H}L{1}5, 00"
ex/ Toss a coin twice

- HH, HT, TH, TT
] a b g d

fa}, o}, {ch {a} denb} fo. e} fa al b,
p=1(6,d).{c,d}{a.b,¢}{a,b,d} {a,c.d}
b,c,d},S,®

4
=16
2 H

Independent Events : Aliiual) &l sl

le A and B are events . We say A and B are independent
events iff

P(A)xP(B)=P(AB)

At  the same time A and B are dependent —events iff

P(A)x P(B)# P(AB)




. Two. | Antroduction to Probability

Ex/ Choose (2) integeys From {1;2;3;4} one by one without (with)
replacement. |
If A: 1% chosen int. is (2) ety St el

% d L2 * - . < 4o b
B: 2" chosen int. is (1) K0 g Lo

Are A and B ind. Events ? why Tt bk MBS,

1. Without repl.
4 |
pto_ M
2 (4 o 2)[ RN VT Sodi Al )
Shas(12)elts. - ;00 il W

A= (2203 C.a)= p(a)= 2 -

1
12G0
= (20 (1)) = P(B) -

AB = {(2)}=> P(AB) ==

P(AB])

=
12 4

1 1

P(A)xP(B)=—#—=

A and B are dependént
2. With replace.
(n*)=4? =16

.S has (16) samples
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B = {(11).2.1).6.1). 4.} = P(B) =
AB = {2} = P(AB)= -
P(A)xP(B) = 1—15 = P(AB)

. A and B are indep. N -
Theorem 8 : If A and B are independent event such that

A# OB+ D then Aand B are Joint events .
Proof :- *» Aand B ind = P(A),P(B)=P(AB)
T.P/ A and B are Joint

ie/ TP/ AB= D

“Az®=>P(A)20
B=®=P(B)=0

P(A)xP(B)= 0

P(AB)= 0  Byhyp

LAB 2O

o—iliats ol s B S A S e g e oDl Akl e (el 2 ABadka

J__%. (independent) oaliias B 5 A ofialall 0588 of gosall a o 40 (Joint)
(Without repel) gla) g Al b Gl Jad dis Je

Theorem 9 : If A and B are disjoint events , such that A # ®,B# @

then A and B are dependent .

Proof:- .. A and B are disjoirit
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A D= P(a)# U
B=®=P(B)#0
P(A)xP(B)#0............ 2)
P(A)P(B) = P(AB)

A , B are dependent

Theorem 10 : If A and B are independent events , then .

1. A and B* are independent .

2. B and A® are independent . A B
3. A® and B° are independent .
Proof (1) :- Tp. A&B® are ind.

ie/ - Tp. P(A)R(B )= P(AB°)

Independence of Three Events :

Def :- If A, B and C are events, then A,B and C are independent

events iff
1.aP(A)P(B)=P(AB) (A,B areind)
b. P(A).P(C):P(AC)( A,C areind.)
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¢ P(B)P(C)=P(BCY B,C areind.)
2. P(A)P(B)P(C)=P(ABC)

Note :- If satisfy only condition (I) ,then A,Band C are said to be
pairwise independent .
ex/ Given S = {(1,0,0),(0,1,0),(0,0,1). (LL1)}
A:1% coordinate is (1)
B: 2™ coordinate is (1)
C=3" coordinate is (1)
Are A,B and C indep ? why ?
“ Conditional Probability 4 JL,@.\J\

Def :- Let AB are events if event A happens first, then event B
happens .
Or event A given then event B haﬁpens denoted by (8] A) .

Were (B\A) is called condition events .
Also P(B\A) is called conditional probability .

Where P(B\ 4) = %%J’P(A) #{ 2 F )

Note :- 1. If A and B are indep. Events

p (B\A):W:P(B)

P(A) |

2. From def. of cond. pr.
...~ p(AB)=P(A)P(B\A) multiplication rule "> ¢

ex/ Toss a dice twice 61 At

|

Find the pr. That @, +d; <6




S

¥
ot

[

Given that d, +d, =odd
) P(AB)

" p(p)

(2162 E06
A=[( )63)64(3 64
19665169 6
)

(22)(3.2)(4.2)
(2.3)(3,3)

)
)
)24)
)

0

(L,

B=< (L
Al

(1

1

2

1
2
3
4
5

L H

P=(a)=1

1,1),(2, 1) (3,1),(4,1),(5, 1)“

™

ITﬂ‘ y
Aef.
. s‘:{\f,‘-.. o
M ) = (:” ,{E’.\,\ G
ok |
‘T{\ | e J., {I! {(?

dntroduction to Probability




g - Chapter Tuwo. I Antroduction to Probability

Theorem 11 :-let A, A,,...,A, be an events where

) 1

—
i

Al # @ i =1,2,... nthen

BlAisAgsah, )= P(A)P(A, VA JP(A VA4, P(A, VA, A, A,)
PlA NAAA LA )

Proof ;- right side

= P(A )P(AIAQ) P(AAA) P(AAALA,)  P(AALA,-A)
1 ’ Voo ey s VST ORTE R R e
R(A) T P(AA,) C P(AALA,) TTUR(AALA, A, )

=P(AA,A,.. A,)
= left side

ex/ A box has (r)red balls and (b) black balls . Choose (2) balls one
by one without replac.
1. If the first chosen ball is red find the pr. that both balls has different
colour .
2. Find the pr. that the 1% &2™ chosen ball are red .
3. Find the pr. That at most one , ball is red
Sol/ Let A: be the 1* red ball
B: be 1* chosen black ball

1 red A |(r-)red | B

b black b) black
P(B\A)= 'Z #, P(A)= ”b i (b) blac
e o r+b r+b-1
2. C: be 2™ chosen ball is red. i
P(AC)=P(A)P(C\ A)
r r-1

vmr-f—bar+bw%




&
L J—

* Chapter Jwo .

P(AUB)-P(AB)
=1-P(A)P(B\A)
| ¥ b
r+b r+b-1
ex. 2/ Given (2) bad tubes and (1) good tube  Take the tube one by

e ] —

one until both bad tubes are founds . find the pr. that 2™ bad tube is

found on
1. test 1
2. test 2
3. test 3
Test I Test 11 Test 111
2
P(BIRE) =2 =] P(B,\GB,)=1
1 ! 2 1
P(G)== G B,
(©)=3 %‘
B — 4!
P(G\Bl)=% . P(B,\B,G)=1 o
2
P(Bl)':-s,_ B
A
oan) i p POBI=T
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wemmell

W

-

i. "'I i . e | Booi

Chapter Two- i dntroduction to Probabiliy

1.P (Byontestl) = P(®)=0
2.P(Bjontestll) = P(B,B )
=P(B,)P(B,\B,)
2L L
32 3
3. P(B, on test III)=P(GBB,UBGB,)
 =P(GB,B, )+ P(B,GB,)

(G)P(B, \G)P(B, \GB,)+P(B,)P(G\B,)P(B4\B,G)

-d

.1:1+2-‘
3

1 i d % 3 R i 5

W W= W]~

A " Ay

S 1] A oy AL <7 3
M@D; A _ 4 I e P

S ! e 1 K

Er“'.‘s 'rl.- Foi

ex/ A box has (4) red and (3) black balls choose a sample of (4) balls
one by one without repl . Find the pr. to get a sample r,b,r,b
Sol/
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LetR; : to Choose 1% red ball
B1\R; : to choose 1% black ball , given 1% red ball
Ré\RlBl : to choose 2™ red ball , given 1 red , 1% black balls
By\RiBiR; : to choose 2™ black ball , given 1% red , 1% black and
2" red balls ._
P(RB,R,B,)=P(R )P(R \ B )P(R, \RB, )P(8B, \RB,R,)
4 332
T765%
3

—
S e A

" : 4 W2_as A & ',;,f\ o mAe ey
Partition Of a Sample Space a [ £ Catinyad

Def :- A Finite sequence of event AI;A; . -_-'A;Fom] partition of (S)
iff |

S :
oo e A’-
1. A, AL, Ay are disjoint S |4 k
K &
ie/[Ai=
i=1
g 4 e 1 !
2. UA:‘ =S 2 Y
1=l :J e i
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ex/ Toss a dice once S = {1°2’3’4’5’6}A

L A

= {1,3,5} 153 426
A, =246}

Mho =@ | A r'z's f S
= A,, A, form apartition of

"""'Theorem 12:- 1f Ai (i=12,....K)Ai*® from apartition of S.1f

.
®=BcS, then P(B)=) P(AIP(B\AI)

i=l _

Proof - A,B,A,B,A,B, .AgB aren digoint [ BT

B=ABUA,BUABU.....UA,B S sk o B s
P(B)-— P(A, B)+P(A B)+....4+P(AB)by AX3 5

Nl A A, Ay

K -

I

- AB+¢

K
ZP( B\Az by theorem I

i=1

Theorem 13 :- (Bayes Theorem)

AB AB
If Ajf(j=12,...K) From a partitions of S , where AJ# @ and if

O®xBcS then
| P(AiP(B\ Ai)

&) iP(AJ) B\*A&’
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el o) Gl £
where (i) is a one value of (j) P SOSLNRT I T e 9 Bl Iy
Proof :- by theorem 12 Cay g
K § £ e 5 e b ¢
)=> P(Ai)P(B\AY)
i=l
| (AIB)
P{AiI\B)=——+ by d -« cond.pr.
(A ) P_(B) y def of ond.pr
( ) (B\Ai) by theorem Il and fheorem 12 | ¥

) ZK: (AiP(B\A))

J=1

Lo
(Il

Not _
1. P(Al' \B)is called the posterior pr. (it is the pr. Of an event wiich is
the source when a result is given ) .

2. P(Ai)is called prior pr.

- {ex/ Given the following boxes :-

box 1 has (3) red and (5) white balls

box 2 has (2) red and (4) white balls

choose a box , then choose a ball from the chosen box

a. Find the pr. that a white ball is chosen .

b. If a red jhall is chosen , Find the pr. that it is from box 2 .

Sol/ | | s . |'s
Let A, : choose box 1 5 *
A, : choose box 2 \

B : choose a ball B




i ”’Wﬂi - 'iﬁm*m, Eim “?waixgir"@%m ”'“”'W“%I

Ewrrsfi f'.-@f..'mvg tf;m_ :

5

il

¢ mﬁ el -*':h i «m‘im

2 | Nl |
P(B)W 22 P(Af)-P(B\AJ.)W g A @

Ll i
=.°f.-’_'1=.r.§i F STy
.
Il
—

AP(B\A ), +P(A2)P(B\A,),
(-
_ P(A,P(BVA,),

S P(&)P(B\ A7),

!

R ¥

o

i
—~
:\,)i.-- /-—-\

?

S

p. B(A;\B),

¥

P
. &
¥
] }
&
Bar
&
-
] }

BR-GHE

H.W. Find p (B), , P(A\B),
ex/ Three Machines M, , M, and M3 produce glasses
M; Produce 20% of glasses
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? M, Produce 30% of glasses

: j M; Produce 50% of glasses

Also

. ] 1% of glass produced by M, is defective

2% of glass produced by M, is defective -

3% of glass produced by M is defective

- Choose a glass ,then |

LLLL | ] a. Find the pr. That the glass is produced by M3 if it is defe.
b. Find the pr. That the glass is def.

Let B choose a glass 5

d

P(B ‘W/o.m

M nd
P(B\M, )nd = 0.99
d
P(B\M, }d = 0.02
P(B\M,Jnd = 0.9 nd

Ms  p(B\M,), =003 4

nd
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“Random variables and Probability Distribution”

Def.: A random variable X is a function that mapps all elements s € S

(all eventin £ )toa read numbers (Rx) denoted by R. h
/‘\/‘"‘\ /\

HH 2

TH

Ex 1.: Toss a coin twice.

Let X = number of H show that X is a R. V.
S={HH, HT, TH, TT}
x(HH)=2,x(HT)=1,x(TH) =1, x(TT) =0
Rx={x;x=0, 1,2} countable S ks Rx
Note: We shall use X to denoted of R. V.X a,nd-x to denote of value of
R.V.X,x e X:0, 1, 2 (inex. “I™).

Ex2.: Choose a point from interval (0, 1).

Let X be the chosen point, to show X isa R. V.

S consist all poihtin 0, 1)

. S has infinite number of points

The points in S are mapped to a real numbers,
then X isaR. V.

Rx={x:0=x %<1} uncountable.

Def.: A random variable X is a say to be discret r. v. if Rx is countable.

té] T3

See ex. above, denoted by d. r. v.

Def.: A random variable x is say to be continuous r. v. if Rx is
uncountable denoted by c.r.v.

See ex, “2” above.

Ex.3: Toss a coin until first H appears.

Let x: number of tosses. show that x 1s d.r.v.

RN
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Random variables and probability Distribution Chapter 3

Sol.:
Y x=3

X:

!
H
<T <IFT1

xe X:1,2,3,4, ...
. Rx = {x; x € N} countable

P Eimdrv

Def.: Probability Mass function (P. M. ).

T - 2 X
e bR P :"'\_.;?_.M-‘_Q./\‘ L% b7

Let X be a d.r.v. (3¢ St it Y I -

A function f isap.m.f of X if f(x)= p(X = X), and satisfy the following

L%
A,

conditions: =

1.fix) 20, Vx € X L lD f(x)=1]
e

e | 1
S SN o0 Ep ) - e }f i a,
il S Rt s R A At Y A— — -

Note: 1. condition (1) shows the graph of f(x) above of the x — axis.

2. Also, if Ac SthenP(x ep)= S f(x)=1

- r 4 E
XeA T PR
¢ E e By e ( e
7 A
/ Ying
PN

; - [“i, forx =0,1,2,3;4 . el G Rl
Ex.: Given ]f(_x):ll() B T a waaay B Bl 8

0, otherwise

Show that f(x) is a p.M.1. /

E-" L A |
i i R ¥ i i
y e =
/ 2 A ; & (70 3
e p ;
e Y doa )
f{ Lifes 3 s
L e
A
Y
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cond. “I”: T. p f{x) 2 0 Vx eX

£(0)=0, f(l):-lwa, f(z)z.i_ﬁ

3 4

, f3)=—, f(4) = —

) 10 ) 10
L ix) 20 VxeX

. cond (1) satisfied.

4
cond “2”: T.p Y f(x)=1
x=0

4 .
Zf(x):()+i+~2~—+i+i:£9 =\.
x=0 10 10 10 10 10
Sof(x)isap. MLF

£ (x= 1) =F(1) = L
p(x=1)=1(1) o

p(x=8)=1f(8) =0

*p(xz3)=p[(x=3)ux=4)]=p(x=3)+p(x=4)
3 47
=f3)+fd)=—+—=~—
Sli 10 10 10
4
: 7
i e plx 23 )= FE8 4y = —
orby note2 p(x 23) ;,f(l) F3)+ (4 0
*p(x<2)=pl(x =2)U(x=1)]=p(x =2)+p(x = 1)
- 3. 13 ; | -
v, | L L 1l j
@+ 1870 10 1 EREAVE | e e A PR
‘ A E, torx=12,3.48 LR YRR, et
Ex.: Givenap. m.f f(x)=<k
0, otherwise
find the value of k and sketch f(x). o ey 1 Py =t
Sol.: " f(x)isa p. m .f. 5is
<4415 I
5
. by cond “2” we get Y f(x) =1 359
X =] 2454 ’
f(1) + f(2) + f(3) + f(4) + £(5) =1 it T é [ N
) ¥ & ]
A . ¥ 5
T P T X

e — o —

k k k k k
J'i} forx =1,2.3.4.5

sfbRy=45

]\(}, otherwise

ENE¢
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Ex.: Toss a coin 3-times. Let x = number of H. find the p. M.f. of x and
sketch it’s graph.
Sol.: S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

. S has (8) elements

X = no. of H, x e X; - 0’, 12 3

Rx={x:x=0, 1,2, 3}, Rx is a countable a
xisd. 1. v.

Event (X = x): to get xH, x =0, 1, 2, 3 when toss a coin 3- times

3 . b s
[ ] : number of samples in event (X = x) when toss a coin 3-times
X

N
£(x)=p(X =x) = 38{_ fex 0.1 2,3
__ 0 otherwise
3 A ﬁ(%):f
< [X] &/
f(x)=—+4
2/8 -‘
0 1/8 __ \/g .
1 3/8 | |
o { 2 3
2 3/8 R
3 1/8
3
Sf(x)=1
x=0

Def.: “probability distribution”

A probability dist. of a 1°.v.x;is a set of all ordered pair of x and f(x), Vx
eX.
1. e.: pr. dist.of x = {(xi, f(x1)); Vxi eX} of X,

IENE(
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_ ] 3 3 1
In ex. above: pr. dist. of x =4(0,-), (1,2),(2,>),(3,~
ove: pi X {( 8) F 8)( 8)( 8)}

#
g

E&: Given (3) red and (5) white balls choose a sample of any (4) balls, let
x = number of white ball in a sample.

a. Find the P. m. fof x

b. Find the pr. that a sample has (2) white balls.

¢. Find the pr. that a sample has at least (3) white balls.

sal.:

a. 13 At once

WS > loooJ

n=yg k=4

8\|
{:no. of samplein S
@J "

x = no. of w ball in a sample, x =1, 2, 3, 4

Event (X = x): to get x w ball and ( 4-x) r ball in a sample.

5 o3
.. Number of samples € (X =x) is { ][ J
X N4 =X

ke’

fE)=PX=x)= g
4

0 otherwis ¢

[S)(B)
2\ 2
b. p(x =2)=£(2) =~ 722

4
c.p(x=3)= Y f(x)=f3)+1(4)

AN

, for x=1,2,3.4
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Uniform Distribution of discreet random variable:
I e o %
Def.: Given k integers: 1, 2, 3, ...., k choose one integer

Let x = the chgwsepint., S = {1,2,3, ...., k}

1
' Vo e Jorx =123,k
f(X) = p(/Y = x) =<k f().? X s s k

0  otherwise

is called uniform dist. of k integers.

s f\' f’...

To show f(x) is a p. m. f. ¢ sl _ Fo=|

o . Iraph of Fex)
cond. “1”: T.p. fix) =0 untorm cist.of

’ F“j, ke inf.
k>0 i >0 T
k
% K= —1 >0 Joigx & 1,3.3.... %
k [ R | F [ Rl ]:}

=iy otherwise - St 2 3 I

L f(E) 20 g e KB

k
cond “2”: T.p Yf(x)=1

x=1
k
: 1 1 [ i
z 'f(x) = —+"H+-<“+—-:_C.=1
Hay k k k £
L i
k — times

S f(x)isa pm.f.

Exercise: |

B

L. A r.v.x. has a discret dist. with p.m.f,, f(x)=

Find the pY- dish. of L.
2. x has a uniform dist. on six integers: 2, 3, 4. 5, 6, 7 find the p.m .f. of x.

{Cx, x=1,234,5

0, o.w.
3. Given asetofintegers 2, 3,...., 15 choose one integer which divisable

by 3.

Let x = the chosen int. find the p.m.f. of x.
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4. Given aset of integers {1, 2, ...., 10} choose an integer and determine
it’s divisors.
Let x = number of divisors. find the p.M.f. of x,

Probability density function (P.d.f):es

Letxbeac.r.yv.
A function f{x) is a p.d.f of x if for any interval Ac Rx
p(x € A)= [f(x)dx. and satisfy the following conditions:
A
0
1. f(x) 2 0 Vx €R, 2. jf(x)dx=1
~a0
X(s)=x e Rx, Rxisuncountable Ac Rx
A is a set of real no.
Suppose that A = {x; a<x< b}.

b
p(x € A)y=pla<x<b)= [f(x)dx

il

= Area under curve from a to b.
f(x) is cont. over (a, b)

let ¢ € (a, b)

f(x) is cont. at (¢)

|
|
. |
p(x = ¢) = no. Aver = 0 = [f(x)dx =0 a ¢ ;5 a
[

=p(a<x <b)
Note: Whenx isad. r. v.
1. p{a £ x £ b) not necessary equal to p{a <x <b).

2. p(x = ¢) = f{c) not necessary equal to zero.
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kx for O<x<?2
Ex 1™ Givenapdd, filxl=tk dor2<x«d
0  otherwise

a. find the value of k and sketch f(x).

| 3 5 l 3
b. find p(x > 1), p(x<3), p(—2—<x<~2—), p(x<].l§<x<§)

: o0
Sol.:a. by cond. “2” of p.d.f. = [f(x)dx =1

2 4
1= fkxdx + [kdx = 1=Iix2 ‘(2)+kx ‘f)l’
0 P 2 -
=% ]—[([4-O]+k{4—2] =3 V= 2l 2K

T2

=5 124k =5 k:l
4

for 0 k%2

F) =+ for 2<x<4

2L <
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4
b. p(x>l)—j dh+J1dX
l 2

4 2 1
=X \1 " JH8(4 1)4»(4 2=

(x<3)= %[idqu BJde
’ 04 24

00|L.o
l\.)l'—-
oo|-q

4=.|r~'
B [0

1 1
gii-Teg ~(3- 2)=_+

P(AB)

_ 1 39 3
P(x<l|5<x<5)—P(A|B)— P(B)

= {x; x<1) = {x; 0 < £l% B S %,
F=1

AB =%, -£<x<]}
2
3

P(B) = j—dx

o0 | —

g
8"

:
b 1 | 3

2
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for x>0

for o.w

_ ke™
Ex “2”: Givenap.d.f f(x)=

a. find the value of k and sketch (x)
b. find p(x <2).
Sol.: a. by cond. “2” of p.d.f jf x)dx =1

— 0

=k fedx=l=—ke™ [f1=-k(e™ -€") 1=k

fix) | & fix)=|

f(X) :d e“ * fO'l' X> 0 CGiraph of fix)
0 for o.w ;
D 2 ‘ g
X flx)=e
0 |e'=1
I o=l L AV
e 2.
2 =013
3 =0.05
o0 e’=0
b, ez d)= If(\)a’x i I()ch _J. Ty = —e™
] 0
[e" ~e®]=1-e?=1-013=087
Uniform distribution on interval (a, b): . s IO "

e

N —
* Given an interval (a, b),b>a

i . b

Choose a point x from (a, b) thena<x <b

1

A function f(x)=4b_a for a<x<b

0 0.W
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Is called uniform dist. on (a, b)
To show that f(x) a p.d.f
Cond. “1”: Tpf(x) =20

‘*b-a>0since a>b

>{= f(x):—1—>0 for a<x<b
—idl b—a

fix)=0 sl) 0.W
Cond “2”: T.p Jf(x)dx = |

# N b oy
:>_£f(x)dx: j0dx+ﬂjb“adx+J’0dx

K

5
b—a

Il
B w L
[a— o
| —t
[,

= b-a)=1
b_a( )

Sf(x)isapdf

~ Ex “1”:1f x has a uniform dist.on (-2,3) [x ~ unif. (-2,3)]

a. find a p.d.f of x and sketch f(x).
b. Find f(x>0]—~;~<x <2)

—--17 l for -2 <x<3

f(x)=13—-(<2) 5

Sol.: a. 0 o P
b px>0]-L<x<2)=RAB n
2 P(B) . ; )
A= {X' 0<x<3}
fix)=10 -_\:f\
1X o <x< ’)} A : y
4 + { ¥ ¥
AB:{X,O<X<2} - 0 ) 3

%1 P i, 1.5 1
13B = _d P ' ::—2—1—— = — = —
& js h SXJ—; 5( 2) 5(2) 2

_ 7] Em ] 2
P(AB)= [~dx=-x[}==(2-0)==
(AB) JS sxh=52-0)=2

0

.‘.p(x<{)|m—]—<x <2)= 2/5 —
2 1/2_5

ZRTRE
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H.W.:é
. x ~unif. (-1, 3) find p.d.f of x and find p(0 < x <2), p( x < 1]-1 <x<2).

~ 2. Given f(x)= for -0 < x <co. Show that f(x) is a p.d.f.

b
n(1+x%)
Note: f(x) above is called cauchy dist.

Comulative Distribution Function (c. d. f)

(Distribution Function (d, f)) o (&‘omuiaz‘n‘w& Disdributisn Tun. )
C.oh

Def.: Let x be ar. v. either d. r.v. or c.r.v

A function F(x) is a c.d.f of x iff

F(x) = p(X £x); -o0 <x< o0

Event (¥ £ x) = all point in (=0, x]., O p (X<H = 0<F(x)< |
That is mean F(x) is bounded by zero and one.

i.e.: The graph of F(x) lies between the line F(x) = 0 and the line F(x) = 1

Iy EF: 1

Giraph of F{x)

o5
|

- ] __)gf(j =0 %

Note: We shall use F(x) to denote of ac.d.f of x and f{(x) to denote of

=

p.m.forp.df.

To find F(x) when x is d.r.v.

Let x be a d.r.v. with p.m.f f(x)
Rx={xjel,j=1,2,3,....} countable

F(x) = p(X < x) by def. NSy

Choose x and let x = x, (x;& I) NN xe e
Event (X £x) = {xj<x1,1,j=1,2,...}

(X=x) = {(X=x)) W (X=x) W(X=x3) W I X=K) W)
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P(X< x) = P(X=x) HP(X=x)+P(X=x3)+.. . +P(X=xj)+...
= f{(x1) + f(x2) + f(x3) + ....

p(X <x)= > ()

xjEx

F(x)= > 1(xj) c.d.f of x when it’s d.r.v.

=X

Ex. “1”: Given a p.m.f forx =1,2,3,i4

f(x)=410

0 0.W
a. Find the c.d.f F(x) and sketch it’s graph.

b. Find p(x £2), p(x > 3), p(x < 2), p(l < x = ;—), p(l<x< ;)
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NOTE: 1- F(X) discont. at x=1,2,3,4.
2- F(X) 1s cont. to the right for each interval of continiouity.

3
b. 2) =F(2)=—
plxag 2)=F(2) 0

(Fa)= p(x=a)) 2 B B L2 3
- —— —
or p(x €2)= XZ:]( 1 0 10 10
P(X>3)=1-P(X'S3): 1-F(3)=1- L.
| 10 10

Or p (x>3)= p(x=4) = f(4) = -

P(x<2)#F(2) [p(x< x)=fx)]

P (x<2)=p (x=1)=F(1)= —
3
P(l<x< = ) =P

3
Since 7 integer (1, ]
© 2

P(1<X <-§-) =px=1)=f(l) =—

H.W.¢ Given an integers ,5,6,7,.....,15 Choose one even integer. Let x be

e T

the chosen integer. Find F(x) and sketch it’s — graph.

To find F() when x is c.r.v.

Let x be a c.r.v. with p.d.f {(x) -0 XeR . 2
F(x)=p (X £x) by def.
To find p(X £ x)

yLu <
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X
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—o0
X
AEBlx)= [fit)dt [c.d.f of x when x is cr.v]
—o0
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0. W.

Ex, “1”; Given g p.d.f f(x) {
0

a. Find F(x) and sketch it’s graph.

b. Find p(x < i), p(x < wl~), p(x>1), p(x < —l), p(——’l— e l)
3 3 2 3 4
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—c0 0 0
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=35 =0’ - Ay
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] o xz1
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] I I3 8 19
b. o(x£-)=F()=l—-(1-=) =1—
p( y %J ( 3) i

p(x <3)# F()

1
] 1

(<) 31(1_ 0%dx =382 3o 073
8 19\
=f1- 2 - =Gy ~1=1- L = 7,

MX>U=1—MX<)=1—HD=L4—O

(xS —2)=PF(-3) =0
1 . I

p(--—<’x< )— é}f(x)dx- [ odx + j’3(l x)” dx
1 l 0

i>< ‘*ﬁ‘%‘“em (’ (>< 0= QXS e)=fa)

I. Given a p.d.f f(x) =4 x2
0 0.W

a. Find c.d.fof x
b. Findp(x>4.2)andp (x <3.5)and p (x <-1)
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0 0.W

- 2.Givenap.dff(x)=

a. Find the value of ¢ and sketch F(x).
b. Find F(x) and sketch it’s graph.
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