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CHAPTER ONE:- The Real Numbers R

1. Sets:
» Natural Numbers N ={1,2,3,---}

» IntegersNumbersZ ={---,—3,-2,—1,0,1,2,3,---} =Z-U{0}U Z+

» Rational Numbers Q = {%: a, b are integers numbers and b # 0}.

> Irrational Numbers I: Such as V2 and 1 are numbers which are not rational.

» Real Numbers R: The set of rational and irrational numbers (R =QUI).

» Complex Numbers C = {x +yi : X, y are real numbers and i = v—1}.

Clearly, NCZc Q< RCcC.

2. Operations With Real Numbers:

If a, b and c are real numbers, then:

1)a+b€RandaXxb €R (Closure law)

2)a+ b =Db + a (Commutative law of addition)

3) a X b =b X a (Commutative law of multiplication)

4)a+ (b+c) =(a+b) + c (associative law of addition)

5)a X (b X c) =(axb) X c (associative law of multiplication)

6)a X (b+c) =axb+ aXc(distributive law)

7)a+ 0 =0+ a=a (0is called the identity with respect to addition)

axX1l=1xa=a(1is called the identity with respect to multiplication)
8) For any a there is a number x € R such thatx + a =a + x = 0, x is called the inverse
of a with respect to addition and is denoted by —a.

9) For any a # Othere is a number x € R such that x x a =a x x = 1, x is called the

: : e : 1
inverse of a with respect to multiplication and is denoted by a—! or -
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3. Types of Intervals: (<) £ 5)

Interval Set definition Name Region on the Real Number
Notation Line
(a,b) {x:a<x<b} Open a B
[a, b] {x:a<x<b} Closed a g
[a, b) {x:a<x<b} Half Open a }3_)
(a, b] {x:a<x<b} Half Open a ti)
(a, o) {x:x> a} Open a
[a, ) {x:x>a} Closed 2
(—o0,b) {x:x < b} Open b
(—oo, b] {x:x<b} Closed b
(—o0, ) R Open and Closed

4. Inequalities: (“lulial)

If a — b is a nonnegative number, we say that a is greater than or equaltob or b

is less than or equal to a, and write, respectively a = b or b < a. If there is no

possibility that a =b, we writea>borb < a.

Theorem (4.1):

If a, b, cand d are any real numbers, then:

1) Ifa<bandb<cthena<c
eg,3<5and5<7=3<7

2)Ifa<b,thenatc<b+c
eg,10<13=>10+3<13+3and10-3<13-3
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axXc <bXc
a b
_<_
C (o

3)Ifa<b, then{ whenc> 0

eg,10 <20=>10x3 <20x3=30<60

axXc >bXc
a b
_>_

c c

4) Ifa<b,then{ whenc< 0

eg,10<20=>10Xx—-2>20X%X —-2=-20>—-40

1020
> —>—=-5>-10
-2 =2 g

1 1
5)Ifa<b,then—>—
a b

eg,3 <b= L > !

b 3 5

6) Ifa<bandc<d,thena+c<b+deg,3<5and6<9=3+6<5+9
2

4
:>3+23:—3<7—3:>2$<4:>§<§:>:1:<2

Example (4.1): Find the solution set of the following inequalities.
1) 3+2x<7
Solution:

4
$3+2$—3<7—3:>23:<4:>%<§:>$<2

= The solution = {X: X <2} = (—,2)

2) 2 —3x <4+ 2x
Solution:
2 —3x + 3x <4 + 2x + 3x (adding to both sides +3x)
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=>2<4+5x=>2—-4<4+5 x— 4 (adding to both sides —4)

5= (Dividing both sides by 5)

—2
2<hr=—<
TTTE Sy

-9 ‘
f??<$

= The solution {iE ) >32} = (?2 OO)

3)2<3x—1<11

%mmm:¢2+1<3m—1+1§11+11
3 3z 1

=23 <3r<2=2=-< —< —=1<x<4

=~ The solution = { x: 1 < x < 4} = (1,4]

2 1
Solution:
X may be positive or negative.
Case1l:Ifx>0
2 1 X X
D T X F TXxD2< T D2x4< Tx B> 8<
e 4 X 4 3 i 0 8
@\\\\\\\\\\\\\@/\/\/\/\/\/\/\/\/\N
= The solution = {x: x > 8} = (8, =)
Case2:If x<0
2 1 X X
> T X¥> T XxD2>T 22X4>" XE>8>x
Y 4 4 g 3 §
/\/\/\/\/\/\/\/\/\/\A@\\\\\\\\\\\\@

= The solution = {X: X < 0} = (—,0)
= The general solution is (—oo, 0) U (8, o)

5) x_;>2,x#—3
Solution:

Case1: IfX+3>0=>x>-3
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x—7
E(X+3)>2(X+3)=>X—7>2X+6:>X—2X

> 6+7 = —X > 13 = X < —13 this is false. L10011101178 A

Case2:IfxX+3<0=>x< -3

x—7
E(X+3)<2(X+3)=>X—7<2X+6=>X—2X<6+7=>—X<13=>X>—13

—13 =3

ANV /71117,
=~ The solution is = {X: =13 <X < =3} = (—13,-3)

~ The general solution is = {X: =13 < X< =3} =(-13,-3)

Exercises (4): Solve the following inequalities:

xr+4 —r
<92 <1
Dr—3 2) x+5 3) 22— 6x+5>0
4)(x—12x+4)<0 5) 5x — 2x2 > 0

5. Absolute Value (“magnitude”):
Definition (5.1): If x and y any real numbers, then:

xif x>0
|x] = <0if x=0
—x if x< 0
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Properties:
1) = x| = x|
2) Ixyl y lellyl
X X
4) X+ yl < x| + |y]
5) lx =yl = Ix| =yl
6) —la| <a<|a|
7) If [x]<a,then—a<x<a
8) If |x] =a,thenx<—aorx=>a

Example (5.1):
D4-8[=[-4=4
2)|4|+|—-3|=4+3=7

Example (5.2): |2x-4| <8
Solution: -8 <2x-4<8
= -8 +4 < 2x -4 +4 < 8 +4 (adding to the each sides +4)
= -4 <2x<12 = -4\2 < 2x\2< 12\2 (Dividing each sides by 2)
=-2<X<6
= The solution is the set X = [ -2, 6 ]

Example (5.3): |2x-4| =8
Solution: 2x-4 < -8
= 2X < -8 +4 = 2x
= 2Xx\2 <-4\2=>x
X = (-0,-2]
or
2x—-4>8
=>2X=28+4=2x=>12
=>2Xx\2>212\2=>%x2>6
X = [6, )
~ The solution is the set X = (-0,-2] U [6, =)

<-4
<-2



Jals K.Y ) K p.p JALSSJ Jalds

1
Example (5.4): Solve |z + - >2 ,x#0
2 2
Solution: — |* +1' S 9= ‘xﬁl‘ - 2 (Since £ +1) > 0
xT i
2+ 1

] >2=a2?+1>2z]|= 2" —2z|+1>0
X

= [x|> = 2x| + 1 > 0 (Since x? = |x[?)
= (X—-1)*>0, |x|#1

. The solution is the set of real number exceptx=1,x=—1andx=0
= The solution is = (—o0, —1) U (—=1,0) U (0, 1) U (1, )

Example (5.5): Solve [x+ 3| <5
Solution:
x4+ 3| <5ifandonlyif -5 <x+3<5
> -5-3<x+3-3<5-3=>-8<x<?2

=~ The solution is = {x: —8 < x < 2} = [-8,2]

Exercises (5): Solve the following inequalities:
1) |2x = 3| < |x+ 2]

2) |2x + 1| > 2

3)|5 — 3x| < 2
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CHAPTER TWO: The Functions

1. Functions: -
Definition: A relation f : X — Y is called function if and only if for each element
X € X there exist a unique element y € Ysuch thaty = f(x).

Relations

A relation shows a relationship between two values.
A function is a relation where each input has only one output.

Functions Not Functions
.,/'.-_..\\‘ _./'.-_..\\\ _./’.-_-.\ N _,/'--_.\\
[ 2 —4 | [ 9<1—F> 3
| s 125 | '-. 3

One-to-one One-to-many

/[ 0 x———F0 \ [ 1— /[

[ 1 —+—Ts1 | [ 2 — =a |

t 2—4__ ki4 J \ 3:4:? > 5 J
Many-to-one Many-to-many

® The variable x in a function y = f(x) is called the independent variable of the function f.
The variable Yy whose value dependent on X, is called dependent variable of the
function f.

® Ify = f(x), then the set of all possible inputs (x — values) is called the domain of f and
denoted by D or Domain of ().
And the set of outputs (y — values) that result when x varies over the domain is

called the range of f and denoted by R;or Range of (f).

Example (1.1): Find the domain and range of the following functions:

1) f(x) =x -2 2) f(x) =x>— 4 ) f(x)=vx — 2

x%-4 1
9109 =N 5) 109 =~ 6) () = 55
Solution:

1) Di=Rand R¢=R
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Z)Df:R
Lety=x>-4=>x2=y+4 23x=FJx+4
Ify+4>0=>y>—4
Rf:[_4a OO)
3)x—2>0=>x>2
~ Df=1[2, w) and R¢= [0, o0)
4)Df:Rande=[O,oo)
5)x+2=0=>x=-2
- Df:(_OO, _2) U (_29 OO)
. _x2-4 _ (x-2)(x+2) _ B
Slncef(x)—x_z— *—2) =X—2forx#-2
=>f(x)=x—-2
SYy=X—-2=y=-2-2=-4
o Rf:(_OO, _4)U(_47 OO)
6) Dy =(—0,2) U (2,3) U (3, 0)
Let y— ! ey —br46) =1
YT e -w=3 Y 2 —sr+06 7 -
2 1 2 1
=1 —-br+b6=—-=2"-dr+|(6—-] =0
Y Y
5i\/25—4(6—§) 54 /B-24+1 54, /141
T ) - ) R
4 4
If 1+ —=20=->-1
Yy Yy
Case 1: Ify>0
:}4Z—y:>y2—4:(0,oo) i \ \\ugwmw
Case 2:Ify<0
= 4< —y=>y< -4 > (—oo,—4] xAAAAAAAAAAA_.4\\\\\\\\\\\\v3

o Re= (—o0,—4] U (0,00)
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Example (1.2): Find the domain of the following functions:

1
3 VI — ) =

Solution:
DX—4x—12=0=>X—-6)(x+2)=0=>x=6,x=—2
& D= (=00, =2) U (-2, 6) U (6, )

2)X—=1=20=>Xx=>1
Df=[1,oo)

3)X2—4>0=>x2>4thisistrueifx<—-2orx>2
Dy = (—0,~2) U (2, )

Exercises (6.1): Find Drand Rs of the following functions:
1) f(x) = —x*+4 2) f(x) =vx 3) f(x) = sin(x)
4) f(x) = cos?(X)

Exercises (1.2): Find Dy of the following functions:

TR AEE =2

Definition (1.2): Let f(x) be a function with domain Drand g(x) be a function with domain
Dy and define:

D = Dy N Dy, then:
1) (f +g)(x) = f(x) + g(x) with domain D
2) (f = 9)(x) =f(x) — g(x) with domain D
3) (f.9)(X) = f(x).9(x) with domain D

4) (f/g)(x) =f(x)/g(x) with domain D and g(x) # O
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Example (1.3): Let f(x) = 1+ vx — 2 and g(x) =x— 3, find (f+ g)(x) , (f—9)(X) , (f.9)(X) ,
(f/g)(x) and state the domainof f+g,f—g,f.g, f/g.

1) F+g)(X)=f(x) +g(X) =1+Vx — 2+x-3=x-2++x — 2

2) (F—9))=FX)—g(X)=1+vVx — 2—(x-3)=4—x+vVx — 2
3) (F.g)() = F(X).9(¢) = A+ Vx — 2) (x=3)=x—3+(x—-3)Vx — 2
1+vVx -2

x—3
vfX)=1tvVx — 2 5Xx-2>0=>x>2
=~ Df =2, )

4) (f19)(x) =1 (x)/g(x) =

wg(X)=x-3

- Dg = (0, )

~D=Df N Dg =2, 0) N (-0, 0) = [2, )
~Dom(f+g f—gfg)=D=][2,)
Dom(f/g) = [2, 3) U (3, )

Exercises (1.3): Letf(x) =2vx — 2 and g(x) =vx — 2 , find the domain of f+ g, f— g,
f.g, and f/g.

2.Composition of Function:
Definition (2.1): The composition function (f - g) defined by (f - g)(x) = f (g(x)) the

notation (f - g) is read (f follows g or the composition of f and g).

f:X—Y,0:Y—>Z=>feg: X—Z
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Example (2.1): Let f(x) = 2x + 1 and g(x) = x?— x find (f > g)(x) and (g ° f)(x).
Solution:
DFeg)x)=F(@gX)=Ff x2=x =2(x>*—=x)+1=2x>—2x+1

2) (@°H() =g (f(x) =g @2x+1) = (2x+ 1)~ (2x +1)

Example (2.2): Let f(x) = vx — 3 and g(x) = vVx? + 3 find (f° g)(X) and (g ° )(X).

Solution:
(Fog)(e) = f (o) = 7 (VaT+3) =/ V/a? 433
(g0 f)(x) =g (f(@) =g (VT—3) = \/ (VT3 +3= V=313 = V&

Exercises (2.1): Find (f - g)(x) and (g ° f)(x) for the following

1) f@a) =a® , g(z) =Vi—a

2) fla) = 1 gla) = -
3 f@0) = 1y gle) =

3. Graph of a Function:

A function f establishes a set of ordered pairs (X, y) of real number. The plot of these pairs
(x, f(x)) in a coordinate system is the graph of f.
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Graph of functions: Graph of familiar function

Parent Function

Graph

Parent Function

Graph

y==z
Linear, Odd
Domain: (—00,00)

Range: (—o0,00)

T YX)

“

IR R ERPREER

12348567897

Y= |z|
Absolute Value, Even
Domain: (—o0, 0c)

Range: [0, 00)

"

IR EERRREER

>
1334367897

) T 00, Yy — —00 T 00, Yy — 00 L
End Behavior**: End Behavior: la
T 00, Y00 T — 00, Yy—00 I
Critical points: Critical points: -
5
(—1,-1), (0,0), (1,1) (—1,1), (0,0), (1,1) le
v 22 -6“)’ Y= \/.; :sy
Quadratic, Even : [ ] Radical (Square Root), Neither El mui
4
Domain: (—00, 00) i3 Domain: [0,00) | A g
Range: [0, 00) 3 Range: [0, 00) b ]
IEEEEEEEN !zags&7n: IEEEEEEEER iz)tls?:e:
. & — —00, Yy > 00 B =0, y—>0 la
End Behavior: 3 End Behavior: ls
T —00, y—+0o0 3 T — 00,y > 00 I3
Critical points: : Critical points: 5
(~1,1), (0,0), (1,1) L (0,0), (1,1), (4,2) “I
5 Sty _ iy
y=2" H y="7 M
Cubic,0dd | T W Y Cube Root, Odd H
Domain: (—00,00) i Domain: (—00, 00) : 2
Range: (—o0, 00) v X Range: (—00,00) [ 1 X
T 00, Y — —00 10bE 765432 1233356784910 T — —00, Yy —+ —00 98755452 132343567897
End Behavior: ’ L1 ! ! End Behavior: 8 e :
T — 00, Y — 00 iy » 00, Y— 00 13
Critical points: 1. Critical points: 4 I I I
(-1,-1), (0,0), (1,1) * (-1,-1), (0,0), (1,1) =
...... ,’ 8
Example (3.1): Sketch a graph of the function a6 w6l Y e
— 2
f(x) =x 14|
Solution: |
D — R 10|
S = (-3.9) (39)
- 871
Make a table values of x from the domain.
61
| -413|2]-1l0]/1/2]3]| 4
(-2,4) a4t (2.4
y| 16| 9|4 1]0[1|4|9|16 Al
(-1.1) (11)
-6 -4 -2 0o 2 4 6




Jals K.Y ) K p.p JALSSJ Jalds

Example (3.2): Sketch a graph of the function f(x) =v4 — x

Solution:

4—x=20=24=2x=Ds=(—00,4] 3|

—2,2.4)
Make a table values of x from the domain. \

X 4 3.75 3 2 0 -2

y 0 0.5 1 14 2 2.4 (375,08)

Example (3.3): Sketch a graph of the

—X if x <0
— 2 . y
f=qx" if 0=<x=<1
1 if x > 1
. (=3,3) 37
Solution:
Df=R (-2,2) 27
Make a table value of x from the domain. 11 o M @n B
x| -4|-3|-2|-1/0| 05 |1|2|3|4 - osom
4 3 1 e 1 2 3 4

yl 4|3|2]1]0/025|1]|1|1]|1 |
-1
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Remark (3.1):

()= x? f(xY=x>+2
2t u Tu
. x
N
17 17
‘ X ‘ X
-2 -1 1 - -2 -1 1 -
1+ —1-
f(x)=x2—2 f(x) = (x +2)?
gt U Ty
il |
al
, |
: ; X
-4 -2 2 P
\/ A X
— - - 2 a4

4. Even Functions and Odd Functions:

Definition (4.1): A functiony =f (x) is an even function of x if f (—x) =T (x) for every x in
the function’s domain. It is odd function of x if f(—x) = —f (x) for every x in the function’s

domain.
Example (4.1): f(x) = x? is even function since f(—x) = (—x)? = x> = f(x)

f(x) = x3 is odd function since f(—x) = (—x)? = —x3 = —f(x)
Example (4.2): even function ( x?, x*, x—lz)

Odd function (x3, x°, Vx, X,i)

Notes: -
1) The graph of even function is symmetric about the y-axis.

2) The graph of odd function is symmetric about the origin.
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5. Test of Symmetric:

To test for various kinds of symmetry we state the following rules:

i. about x — axis

replace y by —y (—y —— ) in its equation produces an equivalent equation.

ii. abouty — axis

replace x by —x (—x —— X) inits equation produces an equivalent equation.

iii. about the origin point
replace x by —x andy by —y (—x —— XA =y —— y) in its equation produces an equivalent

equation.

Definition (5.1): Aliney =b isahorizontal asymptote of the graph of the relation if the distance
between the curve and the line y = b tends to zero as the curve continuous upwards beyond all

bound.
Definition (5.2): A line x = a is a vertical asymptote of the graph of the relation if the distance
between the curve and the line x = a tends to zero as the curve continuous upwards beyond all

bound.

* To test a horizontal asymptote, we flow the following:

1- We solve x in terms of y.

@)

() and find all those values of y for which t(y) = 0 and

2- If x is given of form x =
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r(y) # 0 then the values of y which satisfy t(y) = 0 are horizontal asymptotes of the graph.

* To test a vertical asymptote, we flow the following:

1- We solve y in terms of x.

2- Ifyisgivenof formy = % and find all those values of x for which h(x) = 0 and g(x) #0

then the values of x which satisfy h(x) = 0 are vertical asymptotes of the graph.

1) Ify is given of formy = % and find all those values of x for which h(x) =0
X

and g(x) /= 0 then the values of x which satisfy h(x) = 0 are vertical asymptotes
of the graph.
Example (10.1): Sketch a graph of the following functions:
1) (x*—4)y*=1 2) Xy =x — 3 (H.W)

Solution 1: Dom = (=00, —2) U (2, 00)
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Test of Symmetric:

i. aboutx — axis (—=y ——Y)

> (x 2= 4)(-y) E1 = (x 24)y 21

-~ Symmetric about x — axis.
x=-2

. abouty — axis (—x —— X)

= ()2 =4y, =1= K, — 4y, = |
-~ Symmetric about y — axis. I

From (i) and (ii) we get symmetric
about the origin point.

Test of Asymptotes:

1)

(X2_4)y2:1:5X§/2—4y2:1:Xg/2:1+4y2

=y =0 is a horizontal asymptote.

\/

y

e e = e = == = )

Sy 1ty

1
2) (X2—4)y2:1;‘y:i\/—§2_—4 >If x2=24=0=>x2—-4=0=>x=%2

~ X =2 and x = —2 are vertical asymptotes.

(2.1,15)

(2.25,0.97)
(2.5,0.66)
(3,0-44) (4 0.28)

X -4 -3 -2.5 -2.25 | -21 | 21 2.25

2.5

+0.28 | £0.44 | £0.66 | £0.97 | £1.5 | £1.5 | £0.97

y

+0.66

+0.44

+0.28
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6. Families of a Function:
1. Constant function
Definition: A function f whose values are all the same.
Example: Find the domain and the range for f(x) = —2, in this function the Range 72,
Is always —2 forall x € Dy.

! f(:r) — __) Qrrssssssnnnnnnnnnnaguannnn s > y fn
72 72 Qrrssssssnnnnnnnnnnauan s > ?} e
] _9 € >

O _2 Qrrssssnsnsnsnnnnnshsnnnnnnnnnnn s > (g frmd
2 _2 rrmnnnnnnnnnnnsnnnnu > y e

2. Linear function
Definition: is a function whose graph is a straight line.

f(X) = mx+b
z Y A
Identity St N
Function | 4r (31,34, Maa) be
| ;
2
. § 2.2)
1.5 = -
4l AN flx)=2x -1
! 1 1 ) — L 1 1 1 J 1
5 4 -3 -2 -1 1 2 3 4 5
Syl X 0.5
(-2 -2) -
s -2r (- A4 0.5 @ o5 1 1.5 2 25 3 il
(—3"3) ‘3_
-0.5
(-4,-4) -4
_5_ MathBits 7"-

I
==

Dr
Rs
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3. Power function

Definition: Function of the form  f(x) = x" where n is constant.

F

E 3%

n is odd negative integer

¥

1
Y = F
n is even negative integer x

4. Polynomials function

Definition: is a function that involves only non-negative integer powers or
only positive integer exponents of a variable in an equation like the quadratic
equation, cubic equation, etc.

f(X) = an X"+ ap-1 x"-1+ ...+ aix + ao
a: Constant n:1,2,3,.......

Example:
3+5X , degree 1
X%-3X+1 ............ , degree 2
7-X2- X4 o, , degree 4
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5. Rational function
Definition: is any function that can be defined by a rational fraction, which is
an algebraic fraction such that both the numerator and the denominator are

polynomials.
_ P
o9 = Q(x)
Example:
3x2-3 2x3
f)=gmy 90 ="F

6. algebraic function
Definition: is a function that can be defined as the root of an irreducible
polynomial equation. Algebraic functions are often algebraic expressions
using a finite number of terms, involving only the algebraic operations
addition, subtraction, multiplication, division, and raising to a fractional
power.

Example:

f(x)=vx2+4 , g(x)=3Vx

7. trigonometric function
Definition: are real functions which relate an angle of a right-angled triangle

to ratios of two side lengths.

ac 0 30° | 45 | 60" | 90° | 180° | 270° | 360°
arad O % | % | % % T | 37” 27
sima | 0 1 \/25 \/25 1 0o -1 o0

cosa | 1 */25 */25 210 | -1]0 |1

tan o 0 % | 1 | B | = 0 - 0

coto — | w8 1 % 0 _ 0 _



https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Algebraic_fraction
https://en.wikipedia.org/wiki/Numerator
https://en.wikipedia.org/wiki/Denominator
https://en.wikipedia.org/wiki/Polynomial
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Zero_of_a_function
https://en.wikipedia.org/wiki/Irreducible_polynomial
https://en.wikipedia.org/wiki/Polynomial_equation
https://en.wikipedia.org/wiki/Algebraic_expression
https://en.wikipedia.org/wiki/Algebraic_operations
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in(@) = 2
1) sm(())-r
I
2) cos(9)=—r-
y .
_y_;_sm(ﬁ)
3) tan(&)_;-%_cos(e) - y
_x % cos(f) x E
4) COt(G) = g = g = Sln(f))
1
T 1
6) csc(0)=§=sin(0)
=2 2
7) ‘,‘I2+y2=1'2=>i2+y—2=1=>c082(9)+sin2(9)=1
r* F
I I -5_2 _ﬁ 2 __ e
)z +y =r =>y2+1-y2=>cot. (0) + 1 = csc™(0)
2 2
9) '.'.52+y2=r2$1+y = = 1+ tan’(#) = sec’(9)

22 72
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Properties of Trigonometric Functions:

1) sin(f + %) = cos(f)

2) cos(d + 3’2- ) = —sin(6)
3) sin(x F y) = sin(x) cos(y) F sin(y) cos(x)
4) cos(z F y) = cos(z) cos(y) = sin(x) sin(y)
5) sin(2z) = 2sin(z) cos(x)

6) cos(2x) = cos®(z) — sin*(z)

7 sin?(z) = I_L;(Q“‘)

_ _ tan(zx) F tan(y)
8) tan(z Fy) = 1 + tan(x) tan(y)

1 + cos(2z)

) COSQ("L') = 2

9) sin(z)sin(y) = %(cos(x —y) —cos(z+y))

10) cos(x) cos(y) = % (cos(x + y) + cos(z — y))

11) sin(z) cos(y) = % (sin(z + y) + sin(z — y))
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Chapter three
1.limits

If the values of a function f(x) approach the value L as = approaches ¢, we say f has

limit L as x approaches ¢ and we write lim f(x) =
r—C

4

Example: Find hm —
27

4 4

A= !

T -2.1 -2.01 | -2.001 |-2.0001 |-+ |-2]---|-1999 | -1.99 | -1.9
f(z) | 0.90702 | 0.99007 | 0.99900 | 0.99990 | --- [ 1 | --- | 1.0010 | 1.0100 | 1.1080
left side ’ ) right side

Theorem (1):

If lim f(z) = A and lim g(z) = B, then

1) lim(f(2) + g(z)) = lim f(2) + lim g(z) = A+ B

2) lim(f(z) x g(z)) = lim f(z) x lim g(z) = A x B
’

3) fim L% :“J‘I.H‘l‘f(x) _4 o

T—a g(;r) }E}I}Ig(i) B
4) limkf(x) = klim f(x) = kA | k is constant

r— T—ra

5) lim k = k , where k is constant
r—l

6) imz =a
r—a

7) limz" = (lim x) ="

r— T—rdl

) lim {/ f(x) = p 11111 f(x — /A, A>0ifnis even

I—a
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Example (1.1): Find lirr%(x2 — 4x + 3)
X—
Solution:

lim(x? — 4x + 3) =limx? — lim4x + lim 3 =1lim x? — 4 lim x + lim 3 =
xX—5 xX—5 x—5 xX-5 x—-5 xX-5 X—5

25—-20+3=18

5x3+4
Example (1.2): Find hm( X )

Solution:

lim(5x3+4): lim 5x°+4 _do+a 4
x—>2  X—3 lim x-3 2-3 -1

xX—2

25

2_
Example (1.3): Find lim(x )
x—5° X—=5
Solution
25\ _ 1. A=5)(x+5)\ _,. _ -
}Cl_r)ré( - ) = }Cl_rg( g ) —chl_rg(x +5) =5+5 =10

Exercises (1): Find the following limits:

3 = 92 ) ‘
= Sz — 4 Tz —x— 12
1) lim = 2) lim éixd 3) lim z :
—1 x—1 —0 + 1 —4 r—4
’ 2 — 6z +9 5) lim ; 1 B 4
4) lim ———— 0T +1—1 VB3

1.1 Right-Hand and Left-Hand Limits:

Let f(x) be a function then the right-hand limit defined as = lim+f(x) (the limit of
xX—a
f(x) as x approaches a from the right). and the left-hand limit defend as lim f(x)

X—>a—

(the limit of f(x) as x approaches a from the left).

Remark (1.1):
limf(x)=L if and only if llm L f(x) =L = lim f(x)

X—a x—->a+
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Example (1) Find lin%[x]
X—

Solution:

lim [z] = 2 and .li%l+ [z] =3 = 111131_ [x] # _111_131+ (]

T—ra™

.. the limit dose not exists.

. _l —_ ;72 lf it 1
Example (2) @ ¢, _ ‘ “=" find lim f(z)
2+2 if z>1 =
Solution:
1'11{1 f(x) = linll (A4—2)=4—-1=3
r—1- r—1-

. 2 — T 2y _«
A 0 = I B w) =241 =3

o lim f(z) = lim f(z)=3= !1&} flx)=3

r—1- T—17
Theorem (2):
sin (x)

lim =1
x—0 X

Example (2.1): Find lim =22
x-0 X

Solution
- Q2 .
liml cos (x) 5 1+ cos (x) — lim 1- cos” (x) = lim sin (x) x lim sin (x) —
x—0 X 1+ cos (x) x—0 X(1+ cos (x)) x—>0 X x—0 1+ cos (x)
Example (2.2): Find lirrcl) 15571—2(’0
X—
Solution
. 15 sin (x) 15 _ 15 .. sin (15x) _ 15 — 15
il_t% 7x x15_79lcl_7>% 15x 7><1 7
Exercises (2.1): Find the following limits:
1) i sin (x) 2 I . 1-cos(y)
i = imreor () 3 e
4) lim tan (t) 5) lim 2x +1—cos (x) 6) lim sin (3x)

t->0 2t x—0 3x x—0 Sin (4x)
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1.2 Limits at Infinity

® We say that lim f(z) = L if for any positive number € we can find a positive num-
T—+00

ber N such that |f(x) — L| < € for all z > N.

® We say that lim f(z) = L if for any positive number € we can find a positive num-
T——00

ber N such that |f(z) — L| < € for all z < —N.

A'\ | a)Y I
\\ A - ‘\ = —
\ - i) \\\
- ‘\‘\\: | " - — —n . - : >
\\ \
Theorem (3):
. 1 . 1
1) lim - =0 2) lim - =0
X—>+00 X xX—>—00 X
Theorem (4):
lim x"=+0,n=1,23,. lim x”={_oo LY
Xk x——00 + 00 n = 2,4,6,

Example (4.1): Find lim —%

Xx——002x2+1

Solution \2\
ol 1 1 1 1
lim —&  — lim = —
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Example (4.2): Find lim |-

X—00 6x —8

Solution:
. V3x+5 c/1, 3z+5 1
1m = 11m = -
r—oo \ 60 — 8 z—o0 b — 8 2
Exercises (4): Find the following limits:
1) lim (/a6 +5 — 2* . Tx—A4 At -z
) Jim ) 2) lim /B 15 3) JMim o5
Ep2
4) lim LQ 5) lim 42
r—oo 1+ 3 r——0C

Theorem (5):
If g(x) < f(x) < h(z) for all  such that lim g(z) = lim h(x) = L, where L is constant

T—00 T—00

then lim f(x) =L

Example (5.1): prove lim 225 = ¢
X—>00 X
Proof:
—1 sin(: 1
Since —1 <sin(z) < 1= — < sin(z) <=
T T T
—1 1
‘o lim — =0and lim — =0
T—0o0 T T—0o0 T
sin(z) _0
T—00 T
cos?(2x)

Example (5.2):: Find lim -

T—00 A=

2 1
Example (5.3): Find lim (1 - %) Cos (5)

Solution:

2 1
lim (1 + —) cos (—) =1
JI——00 r T
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Example (5.4): Find lim zsin (%)

Solution:
1 1
lety=—=2=—-,atz— ocotheny — 0
T

1 sin(
L hm xT Sin (—) — liln Slll(y) — 1

2. Continuity

Definition (2.1): A function f is said to be continuous at x = ¢ provided the
following conditions are satisfied:

i. f(c) is defined

ii. lim f(z) exists
I—C

iii. lim f(z) = f(c)
Example (2.1): Determine whether the following functions are continuous or not at

X = 2.
r?—4

24 it x#2
1) f) =22, 2) glr) =4 72
- 3 it =2
2
. it x#2
3) h(xz) = x —2
4 if =2
Solution:

4—-4 0
1) f(2) = 550 not defined

. f(x) is discontinuous
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2)
i g(2)=3
2 4 T , 2
ii. lim g(xr) = lim ’ = lim (= __21(1: +2) = 4 exists
T—2 r—=2 T — . r—2 r—2
iii. lim g(x) # g(2)
T—2
.. g(x) is discontinuous
3)
i. h(2) =4
ii. lim A(z) = lim ! = lim (= ___2)'(T +2) = 4 exist
r—2 =2 T — r—2 T—2

iii. lim h(x) = h(2)

—2
.. h(x) is continuous

Theorem (2.1):
Every polynomial functions are continuous.

Theorem (2.2):
A Rational functions are continuous at every number where the denominator is non zero.

Theorem (2.3):
If the functions f and g are continuous at c, then:

1) f £gis continuous at ¢
2) f.g is continuous at ¢
3) f/g is continuous at c if g(c) #0

2_
Example (2.2): Show that whether the function f(x) = ﬁ continuous or not?

Solution:

2 —5r4+6=0=(z—3)(r—2)=0=>2=3, =2

. f(z) continuous at every points except z = 3 and z = 2
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Exercises (2): Show that whether the following functions are continuous or not?

?+2r4+1 if z>1
1) g(z)=|x| at z =0 2) f(x) = at x =1
3z +1 if <1

Theorem (2.4):
The functions sin(x) and cos(x) are continuous functions.

Theorem (2.5):

I. If the function g(x) is continuous at ¢, and f(x) continuous at g(c), then f° g is
continuous at c.

I1. If the function g is continuous everywhere and the function f is continuous every-
where, then the composition /> g is continuous everywhere.

AN 2
Example (2.3): Show that the function h(z) = (izujr(z)) is continuous at every value of x.
xT
Solution:
9 x sin(x)
Y = 22 and a(z) =
f(x) = 2* and g(x) 29

$ »
gi1(z) = 210 and go(x) = sin(x)

2 f(x) is continuous (by Theorem (2.1))
Since g1(x) is continuous (by Theorem (2.2))
and g2(x) is continuous (by Theorem (2.4))

.- g(x) is continuous (by Theorem (2.3))

< (feg)(x) = (l';mjf;)) by Theorem (2.5))

-+ h(x) is continuous.
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Chapter four
1. Derivative:

The derivative of a function f is the function /" whose value at x is defined by the equation:

dr Y h—0 h

af  d dy

S OF

Definition (1.1):

A function that has a derivative at a point X is said to be differentiable at x.
Definition (1.2):

A function that is differentiable at every point of its domain is called differentiable.
Definition (1.3):

When the number f'(x) exists it is called the slope of the curve y = f(x) at x.

The line through the point (x, f(x)) with slope f'(x) is the tangent to the curve at x.

., d .. . .
Example (1.1): Find d_z by definition for the following functions:

Dy=2>4+22+1 2) y=+/x2+3

Solution: 1

dy . fl@a+h)—fx) . (@+h)?P+2@+h)+1 -2 -22 -1
! !
y=g = @)=l h T h
o2 2rh 4+ 2420 +2h+ 1 — 22 — 2% — 1
= lim
h—0 ; 0 h
zlinlh(£+1+ ):2;1:+2
h—0 71
Solution: 2
dy . flx+h)—f(x) . J@+h)?+3-va2+3
— = lim = lim
dr  h=0 h h—0 h
e (z +h)2+3—('r2+3) o 22 4+ 22h +h?+3 — 22 -3
= lim im
=0 h(\/(z +h)24+3+ 22 +3)  =0h(y/(z+h)2+3+ 22+ 3)
_ h(2x + h) 2z 2 T
= lim =

OR(\ @+ h2+3+ Va2 +3) ViZ+3+Va2+3 32WaR+3 Val+3
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. ., d .. . .
Exercises (1.1): Find d—z by definition for the following functions:

)y =2"+3 Q)yzjfi 3)y =1z 4)@}2% 5)y \/3%
Differentiation Theorem:
1) %(c) =0, ¢ is constant.
d d
2) T(cf(2)) = e (f(x))
3) (f(@)F 0(x)) = (F(x)) F ~(g(a)
0) (7(@) % gl@) = (@) % -(9(a)) + 9() x /(@)
d (f@)\ _ g(x) x Z(f(2) = fz) x (9()) N
) i (o) = G@)P »9(=) 0
6) (@) =nx ()" x ()
7) %(rn) — Tl-él‘n_l
Example (1.2): Find /" by definition for the following functions:
1 1 .
Di@=c+5+3  Df@)=vVe' -2+ 7= 3) /()= (2 +1)°(«® — 1)

Solution: 1

2 2
' _ _
Fa)=1-"7=1-3

Solution: 2

fl@)=(*—2)7 + (z+1)

L fi(r) = 1(:33 2)72 x 32 1(:1: +1)2x1= 5
. 2 ] 2 2
Solution: 3

bl

fllx)=(22+13x2(2® —1) x 322 + (2® = 1)2 x 3(2® 4+ 1)% x 2z

= 62%(2? + 1)*(z® — 1) + 6a(2® — 1)2(a® + 1)?
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Exercises (1.2): Find f'by definition for the following functions:

L ’ 22 .
) 5o = (35 ) f@) =24 ) )= A A
> — N
D @) = @—-1P@+2"  5) f@) = ¢T11 6) f(z) = (22 + 1)}

7) f(z) = (x+1)}(2®+1)73

1.1 Second and Higher-Order Derivative:
If the derivative f’ of a function f itself differentiable then the derivative of f’ is denoted

by f” and is called the second derivative of f.

et fiz) = S (/@)

3 2

i) = L (f(a))

 dam

Example (1.3): Find f©®(z) where f(z) = 32* — 22° + 2> — 42 + 2
Solution:
fl(z) =122% — 62> + 20 — 4
f"(x) = 3622 — 122 + 2
f(x) =722 — 12
fH(z) =72
fO(z) =0

4

Exercises (1.3): Find @ where y = i
dx? 3
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Theorem (1.1):

If f has a derivative at x = c, then f is continuous at c.

1.2 Chain Rule:

i. If y is a differentiable function of u and wu is a differentiable function of x then,

dy _dy _ du
dr  du = dzx

ii. If y is a differentiable function of u and z is a differentiable function of u then,

dy dy/du

dr dz/du

_ | d
Example (L4):  [fy—=#'+2t4+3, 2 =1+1 find d—y

T
Solution:

dy 3 dx

— =4t 2 and — = 2t

at teand g,

dy _dy/dt P12 241 2W/r 1P+l 2 -1itl

“dr  dx/dt 2t t vr—1 B r—1

xample (1.5):  1f 4 — . u=+vz+1find =2
ud — 2 dx

Solution:
dy (v? —2).3u? — (v’ +1).3u? 3wl —6u? — 3w —3u®>  —9u?
du (u3 — 2)2 B (u3 — 2)2 —(u3 —2)2
du 1
dz  2\/x +1 o
dy  dy du 99U 1 B —EJ_(,-:I:---I—-"I')'\”Jr 1

e dude @B—22 2/ rl ((x+ 1% — 2)2 C AVl

-9V +1
2 ((x 11)h - 2)2
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Exercises (1.4):
dy
fy=1242 t="
b1ty + 3—x dr
1 dy
)Ify_\/+$ T =1 +2t find —=
. 3 2 9 dy
) fo=vVt—1t,y=1ts +tfind =
dx
, 2 2 dy
) Ify=s",s=r+1,r=t t=w+3,w=21’ ﬁndd:r

1.3 Implicit differentiation:

If ¥ can not be written in the form y = f(z) then to find —= d
T

1. Differentiable both sides with respect to z.

ii. Solve the result for @
T

d
Example (1.6): Find d—i for the functions

1) 2% +y® = 3zy

Solution:

o dy dy d
=32+ 39 = 3. L3y = — 3= =
‘T+ydx vt dyd:z dy 2
y  3y—3x y—=x

3y2 —3z) =3y — 32> = = = =
Y 2) y - 32° dev  3y2—-3x y?2—=x

= =
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2) 2y +y’r+3y—22 =0
Solution:

d d d

e Lyt 3 9
dx dx dx

Cdy _ 2—y—y’

“dr T+ 2xy+3

11
v T YT
yr® Y

Solution:
= (y2°) '+ (y2) =yt
dy dy

dy
{2y —2 _ 270y . A2 o el
= —(yz”) (st': + dg:) (yx) (y + “ng) o 1
oo . _ody . o dy dy
o ___2 2 20 2N-2M9 2 2_:_
= —2yx(yx”) - (yz”) I y(yx) x(yzx) g

d | |
= Y (—aP(ya?) 2 — a(ya)? — 1) = 2ya(ya®) 2+ y(yz) 2 + 1

Cdy  2ya(ya?) 4 y(yx) 4 1
Cdr —a(ya?) 2 —x(yx) 2 —1

+1

Exercises (1.5): Find ? if
£

2
5 9 T T4y 3x
1) 2 += =0 2 =
) =7y + )I__y Ty
1 1 :
3) —+-—-=1 4)xy2:$+y
r oy r—1y

) y:\/ﬁer

1.4 Derivatives of Trigonometric Functions:

du

1) (%(sin(u)) = cos(u.).@
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2) d%(cos(u)) = —sin(u),%

3) (tan(u)) = sec?(u). 1

) 2 (cot(u)) = — ese(u). 22

2 d%(sec(”)) = sec(u) t-an(u.),d_i

Example (1.7):  Find j_y or f'(x) if
T

1) f(z) = tan(3z2?)
Solution:

f/(z) = 6xsec?(32%)

2) y = sin(2z) + sec(3x)

Solution:
d
= d_i = 2cos(2x) + 3sec(3x) tan(3z)

3) y = cos(Vx)

Solution:
d 1 1
= d—i = —Sin(ﬁ).zﬁ = NG sin(y/x)

4) y* = 2® + sin(zy)

Solution:

d. d d d
Qy_y — 2z + cos(xy) (;z:—y + y) = 2y—y =2r+x cos(:z:y)d—y + y cos(zy)
z o T

d d dr

d d
= 2y£ — :ccos(:ry)d—z = 2x + y cos(zy)

Cdy _ 2x + y cos(zy)
“dr 2y — xcos(xy)
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5) zy = csc(x —y)

Solution:
dy il
e +y = —csc(x — y) cot(x — y) (1 B E)

dy —y—csc(r —y)cot(x —y)
:, -
dr = — csc(x —y)cot(x — y)

. ., da .. . .
Exercises (1.6): Find d—z by definition for the following functions:

1) g’z = cos’(z — ) 2) y = 22 tan(z?)
sin?(x)

3) y = cot (t.an(:r,) ) 4) yz* = sin'(2?)

5) y = tan®(z) cot?(1 — z) 6) y = tan’(z) cot?(z)

1.5 Derivatives of the Inverse Trigonometric Functions:

d 1 1 du
1) d.L(S]H (u)) = N TR
d ! -1 du
)dl(cos (u)) = T
d 1 1 du
3) dl(t&ﬂ (ﬂ))—71+ug-a
d 1 —1 du
4) di(cot (u)) = [T
d 1 1 du
sec (1)) = ———.—
5) galoee ) = e O
d —1 du
6 cse tu))= — —
) e ) = o
Proof: 1
N dy dy du
“dr  dudx

Let y = sin !(u) = sin(y) = u
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dy du

~ dy 1
‘dr  dr

= cos(y)

osin(y) = u = sin’(y) = u® = 1 —sin’(y) = 1 — u* = cos’(y) = 1 — v

= \/cos?(y) = V1 —u? = cos(y) = V1 — u?

Cdy d, . 4 1
T E(sm (u)) = —

Example (1.8): Find &y if
dx
1) y = sin'(32?)
Solution:
dy 1
> ——=—— 6 =
dr /1 — (3a22)2
2) y = tan"!(3tan(z))

Solution:
dy 1

= = .3 se
dr 1+ (3tan(z))? >

3) y = sec 1(22?)

Solution:
dy

dy

du

dr ~ cos(y) dz

du
dx

b6x

V1 —9z4

dx

1
= — = Ar =
dr  |222|\/(222)2 — 1 2024t — 1

Exercises (1.7): Find — for the following functions:

dx

1) y = tan! (\/ﬁ)

3) y =cot™! (:L) + tan~! (%)

2
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1.6 Derivatives of the Logarithmic and Exponential Functions:

d 1 d

1) —(n(w) ===

2) 4 (log, (1) = .o
d du

3) d;z:(a ) =a" 111(0.).—;

du

., d . . .
Example (1.9): Find d_ic] by definition for the following functions:

1) y = In(z”)

dy 15 3
== — = —__3 —
dr 20

5|

2) y = In(sin~1(2x))
LAy 1 2 2
dr  sin"}(2z) /1 — 422 '5111_1(235)\/1 — 42

3) y = (100) %

d 9
= d_y — (100)***%* In(100).(2z + 2)
M
4) y = esin{af}
d ; ;
- d_y _ ebm{:r:) COS(;IT) _ C‘.OS(.’I)QE’ID(I)
M

1 1
T de " (‘.11111(3)) TR In(3) Tloes T
6) y = C]n(:t:}—l—at

= @ _ 6111{33)4—3?_ (l + 1) _ eln{:r:)g-x (H——T)
dx T .

— e (1 “’) — (1 +a)

.
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. . ,d .
Exercises (1.8): Find d—z by definition for the following functions:
1

1) y = eln(z)—In(1+z) 2) y =1In (_) 3) y = eln(;lz)
x
., da . . .
Example (1.10): Find d—z by definition for the following functions:
1) y= (sin(;r))cos(‘r)
Solution:
= In(y) = In(sin(z))**@

= In(y) = cos(z) In(sin(z))

ldy 5 1 e s |
ydr oW 'sin(:c)'cos(l) + In(sin(2)).(—sin(z))
= 2 — cos(w) cot(v)  sin(a) In(sin(z))
= % = y(cos(z) cot(z) — sin(z) In(sin(x)))

= (sin(z))® (cos(z) cot(x) — sin(z) In(sin(z)))

2) y* =¥
Solution:
: 1dy 1 dy
) = ol x Yy) =1 e Yy) =1y— 4 )
In(y*) =In(2Y) = zln(y) = yIn(z) = = e + In(y) Y + hl(T)(la?

z dy dy vy L dy  i-In(y)
yde ln(l)d;lr Tz g dr % — In(z)

. ., d .
Exercises (1.9): Find d—z by definition for the following functions:

Dy=@"  2y=2"  Yy=s

_ loggx

e
S—
|

2

log,
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2. L’Hopital’s Rule:

Suppose that f(xz,) = g(x,) and that the functions f and g are both differentiable on
an open interval (a,b) that contains the point x..

Suppose also ¢’ # 0 at every point in (a, b) except possibly z., then

. f(x) ~ lim f'(z)
=z, g(x)  a—z. g'(x)

provided the limit on the right exists.

i. The Form (g & f)

o0

Example (2.1): Find 1‘-1116 —V1+IH _ g

Solution:

— lim %{1 - ;1:)_é _

L
2
Example (2.2): Find lim 1—cos(z) _ g

T + 22
Solution:
lim 1 — cos(z) ~ tim sin(x) _0_ 0
=0 x + 12 r—01 4922 1
' —81 0
Example (2.3) Find 11111 =
r—3 T — 0
Solution:
4
lim v -8l — lim 4i = 108
=3 T — 3 z—3 1
2 0
Example (2.4): Find hm T
Solution:
2
- 2x 2 2
11111%: 1im—f: im — == =0
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Exercises (2.1): Find

1) }1331 sec(x) — sec(a) 2) lim e’ —1

; T —a x—0 T

. sin(26) — 2sin(0) tan(z)
3) };135 sin(36) — 3sin(0) 4 :.'.1—1311— 1 + tan(x)

ii. The Form (0.00 & oo — 0)

Example (2.5): Find lim z%¢™ = 0.00
I—XC
Solution:
2
. ' 2 2 2
lim 2%¢ % = lim T lim —I =lim —=—=0
T—00 r—o0 et T—00 % z—0o0 T 00

Example (2.6): Find 1"1116 (csc(:r) — 1) =00 — o0

x

Solution:
lim | esc(x) — g lim Lm(s:) _Y
20 T x—0 \  xsin(x) 0
1 — cos(x) , sin

x
— 1 — —
~a0g cos(x) + sin(x) 250 cos(z) + cos(z) — xsin(z) 2

iii. The Form (0" , oo , 1%)

Example (2.7): Find l‘iné (c-.u:)s(:r))glf =1~

Solution:
1 1 1
Let y = (cos(x))=* = In(y) = — In(cos(x)) = hna In(y) = hm 175 In(cos(x))
T T 0x
~ lim — sin(x) — lim —cos(:c)‘ _ 1
r—0 2z cos(z)  a—0 2(cos(x) — xsin(z)) 2
= limIn(y) = 1:>1 limy | = !
ligin(s) = 5 = In (liy) = =
In hmy 1 1
=e =0/ =¢ 2:>11E%y—€§

[

" _lir% ((305(:6))7rlzr =e
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Example (2.8): Find lim (sin(z) — cos(z))™®) = 1>

Solution: ’
Let y = (sin(z) — cos(z))™®) = In(y) = tan(z) In(sin(z) — cos(z))
= lim In(y) = lim tan(z) In(sin(z) — cos(x))

T3 T3
sin(z) In(sin(z) — cos(x))

= lim

21 cos(x)
sin(x) (%) + cos(z) In(sin(x) — cos(x))
= lim - = —1
T2 —sin(x)
= hmln( )=—-1= hmy—e 1
. lim (sin(z) — cos(s:))h"(“r) = -
Exercises (2.2): Prove that
1) lim (tan(z))**@) =1 2) _lir%(l +x)% =e
Exercises (2.3): Find
1) lim (22 — 7) sec(x) 2) lim(seCB(m))mtz(m) 3) lim(1 — z)™@

=7 r—0 r—1



